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Abstract
There have been increasing economic and societal demands to ensure the safety of 
structures against both long-term and short-term damage, and adequate performance 
during the life span of structures. In this work, a statistical FE model updating using the 
modal flexibility residual error, which is defined as the difference between the measured 
modal flexibility and the theoretical one from the FE model, is proposed for the 
probabilistic damage assessment.
On the basis that the structural parameters in the FE model and the measured modal 
parameters exhibit uncertainties, it is of considerable importance to analyze the 
influences from both the FE model and the measured modal parameters on the damage 
identification results. Therefore, the proposed method are formulated on the basis of 
integrating the conventional FE model updating method with the perturbation statistical 
framework, and thus employ the probability algorithms, aiming at evaluating the effect of 
uncertainties in the damage identification results.
The idea is that by expanding each term in the conventional FE model updating equations 
with second-order Taylor series expansion, two recursive systems of equations are 
derived for estimating the first two moments (mean and covariance) of random structural 
parameters. The derived means and covariance of random structural parameters are 
second-order accuracy, as approximating the non linear function between the structural 
parameters and the modal flexibility.
The numerical studies of a cantilever beam are presented to illustrate the proposed 
method from not only detecting damages but also assessing damages in terms of 
probability under different level of uncertainties in the FE model and the measured modal 
flexibility. The results are verified by the Monte Carlo Simulation (MCS) method, and 
the distribution of structural parameters of the FE model is accepted as normal 
distribution with a confidence level of 95%. After simulations, it is found that the 
proposed method is more vulnerable to the random errors in the measured modal 
flexibility than in structural parameters of the FE model. The effects of modally and 
spatially incomplete information of modal parameters, and multiple and different level of
iii
damage are also investigated.
Numerical simulations of a four-storey building are employed to compare the proposed 
method with another probabilistic damage assessment method, namely Bayesian 
probabilistic method. The results showed that the accuracy and robustness of the damage 
assessment using the proposed method are slightly lower than Bayesian probabilistic 
method, when there exist huge damages at multiple locations. However, when there exist 
small damages in the structure, accuracy and robustness of the damage detection using 
the proposed method are slightly higher than Bayesian probabilistic method.
Lastly, experimental applications using the adhesively bonded GFRP beams are 
conducted in order to verify the proposed method. For comparison, three Non-FE model 
based damage assessment methods are also employed. The results showed that when the 
damage is severe, i.e. three GFRP plates are removed, both the proposed method and the 
considered three Non-Model based methods are able to identify the location and severity 
of the damage. However, when the damage is mild or insignificant the considered Non­
model based methods are not clearly identify the location and severity of the damage, but 
the proposed method approximately assess the location and severity of the damage.
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NOMENCLATURE
General superscripts
~ refer to measured state
refer to mean
b bending
D damaged state
e element
k the number of iteration
T transpose
U undamaged state
+ moor-penrose psuedoinverse
-1 inverse
General subscripts
a analytical
m measured
r residual
n measurement DOF
o omitted DOF
General Symbols
M vectors of the amplitude of motion
c scalar quantities of damping
[C] system damping matrix
Cov covariance matrix
COY coefficient of variance
E l bending stiffness
k scalar quantities of stiffness
[K\ system stiffiiess matrix
ft zth natural frequency
Fij modal strain energy of zth mode of /th element
{m i external force vectors
GJ torsion stiffiiess
vi
{g} a vector containing the unique entries of the symmetric matrix
[G(W)]
[G({of})] modal flexibility residual error
[G] flexibility matrix
Iz second moment area
J  objective function
m scalar quantities of mass
[M\ system mass matrix
P modal parameters
[5] sensitivity matrix
t time
{«}, {ii}, {U} displacement, velocity, and acceleration vectors
U energy stored in one cycle
X  random variable
X aj random error of /th updating parameter
X Gi random noise of zth element of the measured modal flexibility matrix
Zj normalized damage index of /th element
{Z} residual vector
a  updating parameter
/?y zth mode of /th element damage index
jCj. laplacian of rth DOF
co circular frequency of the under undamped structural system [rad/s]
coi zth circular frequency
(Dd circular frequency of the under-damped structural system [rad/s]
7ji zth damping factor
Ç scalar quantities of damping ratio
fj, , <t  mean and standard deviation
X eigenvalue
[A] eigenvalue matrix
O(-) standard Gaussian cumulative distribution function
(frij /th  mode shape curvature at zth DOF
[O] eigenvector matrix
List of Abbreviations
AMP analytical modal parameters
ARMAV auto-regressive moving average vector
CDF curvature damage factor
COMAC co-ordinate modal assurance criterion
CFRP carbon fibre reinforced polymers
CSBI common basis-normalized structural identification
DaDI damping damage indicator
DIM damage index method
DFT discrete fourier transform
DLAC damage location assurance criterion
DOF degree of freedom
DSC direct stiffiiess calculation
BMP element mass parameter
ERA eigensystem realisation algorithm
ESP element stiffiiess parameter
FE finite element
FM flexibility method
FRF frequency response function
IRF impulse response function
MAC modal assurance criterion
MCS Monte Carlo simulation
MMP measured modal parameters
MSC mode shape curvature
MDLAC multiple damage location assurance criterion
NDT non-destructive test
NExT natural excitation technique
OMU optimal matrix update
PDF probability density function
PSF plane shape function
RFP rational fraction polynomial
SDC specific damping capacity
SHM structural health monitoring
SSI stochastic subspace identification
UP updating parameters
VBDA vibration based damage assessment
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Chapter 1 Introduction
CHAPTER 1 INTRODUCTION
1.1 Introduction
1.1.1. Current trends in Damage Assessment of Civil Engineering Structures
It is widely recognized that damage assessment of civil engineering structures is crucial for both 
short-term and long-term objectives, such as planning emergency response and mitigating long 
term deterioration. Accurate and timely damage assessment of civil engineering structures has 
received considerable attention from the civil engineering profession, due to the importance of 
assessing defects as early as possible, both from a safety and functionality point of view. If 
damage remains undetected, it could progressively increase and ultimately cause structural 
failure. Also, there are increased economic and social demands to periodically monitor and 
evaluate the functionality of civil engineering structures in order to avoid delays, disruptions 
and other consequences arising from damage. In this context, the term “damage” can be 
associated with long term effects, e.g. corrosion, deterioration, and short term effects, e.g. after 
extreme events such as earthquakes, floods, tornadoes, etc.
The term “damage” may be defined as changes in material and/or geometric properties, 
boundary conditions, and system connectivity of a structure (Stinemates, Farrar et al. 2002).
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These changes can be caused by various reasons, such as cracks, loose bolts, broken welds, 
corrosion, fatigue, etc. Visual inspection or Non-Destructive Tests (NDT) such as X-ray 
radiography, infrared thermography, ultrasonic spectroscopy, acoustic holography, etc., are some 
of the conventional methods to identify/assess those changes. Depending on the results obtained 
from those conventional methods, associated maintenance or/and repair works could be 
properly planned, costed and executed.
However, the above damage identification/assessment methods have clear limitations. For 
example, visual inspection, which is the most common method employed for detecting damage 
in civil engineering structures, does not always yield quantifiable results and is to an appreciable 
degree subjective. Furthermore, some components are virtually impossible to be assessed 
through visual inspection, as some types of damage are invisible to human eyes (Huelmtad and 
S.Shin 1996).
On the other hand, NDT methods are well developed and can give very accurate information on 
the type and extent of certain types of damage, even in case that the damage is invisible to 
human eyes. However, there are also some drawbacks associated with NDT methods, for 
example: they are time-consuming, and often require the exact location of damage to be known 
since only part of a whole structure can be thoroughly inspected within time and cost constraints. 
In other words, the locations of damage should be known prior to performing NDT, because 
these methods can only be possibly applied on a limited area. Limited accessibility and typically 
harsh site (compared to laboratory) conditions are also factors that may affect the ability of NDT 
methods to be deployed effectively on civil engineering structures.
An alternative approach, which can mitigate some of the above mentioned problems associated 
with visual inspections and NDT methods, involves the use of vibration-based damage
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assessment (VBDA) methods to provide a ‘global/local’ state of structural condition (Saitoh and 
Takei 1996). In principle, these methods focus on modal parameters, which are extracted 
through the vibration response of the structure excited by either ambient or artificially applied 
forces. These are functions of the physical properties of a structure, and any change in their 
value or shape is caused by changes in material and/or geometric properties, boundary 
conditions, and system connectivity of a structure.
Among the various VBDA methods dealing with detection of damage location and damage 
assessment, Finite Element (FE) model updating methods have been rapidly developed and 
applied to many civil engineering structures. Especially, sensitivity-based FE model updating, 
being regarded as the conventional FE model updating, is widely used for VBDA in civil 
engineering structures (Brownjohn and Xia 2000). This method can minimize the deviations 
between test and analysis modal data by using the sensitivity derivatives of the modal data with 
respect to chosen parameters of FE model. These sensitivity derivatives are used to calculate 
changes in the parameters of FE model that will be modified to bring about agreement between 
the measured modal data and those obtained from an analytical FE model (Xia and Hao 2003). 
In this study, the conventional FE model updating method, hereinafter called simply the FE 
model updating, is at the centre of the proposed method, in which the parameters in the FE 
model are adjusted so that the modal data from the updated FE model match the measured 
modal data to predict/assess damage in a structure (Teughels and De Roeck 2004).
1.1.2. Problem Statement for FE model updating method
FE model updating methods were originally developed in the field of aerospace industry. In this
respect, they may not fully address the issues that arise in civil engineering structures, when 
obtaining vibration data from civil engineering structures and FE modelling. Generally, the
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obtained vibration data from civil engineering structures do not coincide with those from the FE 
model. Therefore, how to modify the FE model using the measured modal parameters is the 
principal challenge in the development of FE model updating methods for damage assessment 
of civil engineering structures.
In the following, the main issues associated with this challenge are further elaborated, in order 
to identify necessary steps in the development of robust and accurate FE model updating 
methods for damage assessment of civil engineering structures.
1. Uncertainty associated with the measured modal parameters from civil engineering structures 
may lead to biased damage assessment results even when the extraction of modal parameters 
from the vibration signals is near perfect.
2. Civil engineering structures are generally characterised by complicated geometry and consist 
of various materials such as steel, concrete, cable wires, etc. These factors introduce many 
uncertainties into FE modelling. In addition, the FE modelling process also involves many 
assumptions and judgements. Taken together, these issues make the accurate FE modelling of 
civil engineering structures almost impossible. However, the FE model updating method 
assumes that an FE model is perfect, and any discrepancies in the FE model are only due to the 
damage (Teughels, Maeck et al. 2001). Therefore, unrealistic damage assessment results may be 
obtained through an FE model updating method.
3. The measured modal parameters are also incomplete in both a modal and spatial sense. In 
other words, the measured modal parameters from a real structure are modally and spatially 
incomplete, as the response is only measured/monitored at limited points and only for few of the 
many (infinitely) possible modes. The size and complexity of civil engineering structures does
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not permit the installation of a large number of sensors, therefore only a small number of 
measurement points and a few fundamental modes would be available even from extensive 
measuring campaigns. As a consequence, FE model updating methods for damage assessment 
suffer from lack of data (Denoyer and Peterson 1996).
4. For the purpose of damage assessment, the modal parameters should be sensitive enough to 
assess even slight local changes in the response of a civil engineering structure. However, 
many studies indicate that the basic modal parameters (natural frequency, mode shapes and 
damping ratio, etc.), are not sensitive enough with respect to small/local changes in geometry 
or material properties (Jaishi and Ren 2006).
1.1.3. Overall Aim and Objectives
The overall aim of the thesis is to tackle the aforementioned problems, and to develop a 
statistical FE model updating method using the modal flexibility for probabilistic damage 
assessment of civil engineering structures. The challenge is to assess damage in terms of 
statistics and probability through the distribution of structural (updating) parameters, hi 
particular, a perturbation based statistical approach is employed in order to derive the statistical 
distribution of updating parameters in an FE model. Then, the derived distributions of updating 
parameters of the undamaged and possibly damaged FE model are used to compute the 
probability of the degree of the damage. Extensive numerical simulations, including a 
benchmark study and comparisons with experimental studies are presented throughout the thesis 
in order to illustrate and evaluate accuracy and robustness of the proposed method. The specific 
objectives of this thesis are itemised below:
•  To develop the theory necessary for the statistical FE model updating method using the 
modal flexibility.
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•  To apply the developed theory into damage assessment in the framework of probability 
and statistics
•  To address issues related to the practical application of this new method in the field of 
damage assessment and use these problems as a guide for improving the developed 
method. Of particular importance are the problems of;
■ Modally and spatially incomplete measured quantities for the calculation of mode 
shapes and natural frequencies.
■ Effect of uncertainties in structural parameters and the modal parameters
■ Multiple damage locations or progressively incurred damage in a structure
•  To implement, compare and test the developed method through a series of examples and 
case studies.
1.2 Overview of the Proposed Methodology
Fig 1.1 shows the schematic diagram of the statistical FE model updating for probabilistic 
damage assessment using modal flexibility residual error. The proposed methodology can be 
outlined as follows:
1. Initial FE modelling: the initial FE model is built to represent a FE model at the 
undamaged state.
2. Experimental modal analysis of undamaged structure: the modal flexibility matrix of 
the undamaged structure is extracted through forced or ambient vibration tests.
3. Initial FE model updating of undamaged structure: this is the process to adjust the 
initial FE model to obtain an updated FE model in the undamaged state.
4. Experimental Modal analysis of the damaged structure: extracting (possibly) damaged 
modal flexibility matrix through forced or ambient vibration tests.
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5. FE model updating of damaged structure: this refers to the process of deriving the 
statistical FE model of a damaged structure using the initially updated FE model (3th 
step) and the measured modal flexibility matrix of the damaged structure.
6. Probabilistic damage assessment: estimating the probability of the degree of the 
damage using the statistical FE model of the damaged structure.
7. Subsequent updating: the probabilities of the degree of the damage are continuously 
updated when new data are obtained from (possibly) the damaged structure.
Undamaged structure
(2) Experimental Modal analysis
-Considering uncertainty m
Damage incidences & Longmeasured modal flexibility
term deterioration
Damaged structure
(4) Experimental Modal analysis
-Considering uncertainty in measured
modal flexibility
(1) Initial FE modelling
(7) Report the probability of the 
degree of the damage
(6) Probabilistic damage assessment 
- Predict the location and severity of 
damage in terms of probability
(5) FE model updating for damaged 
model
- Considering uncertainty in FE 
model
(3) Initial FE model updating for 
undamaged model 
Considering uncertainty in FE 
model
Fig 1.1 A framework of the Proposed Methodology
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1.3 Organization of Thesis
The thesis is organized in the following manner;
Chapter 2 provides an extensive review of VBDA methods, focusing in particular on the FE 
model updating method and statistical/probabilistic damage assessment methods.
Chapter 3 describes the theoretical development of a perturbation-based statistical FE model 
updating method using modal flexibility residual error. A cantilever beam example is utilized to 
numerically demonstrate and verify the proposed method by through Monte Carlo Simulation 
(MCS). A sensitivity study is conducted to investigate the effect of the level of uncertainties in 
the measured modal flexibility and in FE model. In addition, the applicability of the proposed 
method is also investigated when a limited number of measured Degrees of Freedom (DOF) and 
modes are only available.
Chapter 4 describes the application of the proposed method to a benchmark structure simulated 
by Johnson et al. (2004). The proposed method is compared with a Bayesian statistical approach 
to investigate the robustness and accuracy of the proposed method in terms of probability.
Finally, an experimental application is presented in chapter 5. Bonded Glass Fiber Reinforced 
Polymers (GFRP) beams, tested under a free-free condition, were used to verify the ability of 
the proposed method to assess local stiffness damage. The damage was induced by 
progressively reducing the bonded area of the two-part beam which was bonded at the centre. 
Some non-model based methods along with the proposed method are compared to illustrate the 
features of the proposed method with respect to the model-based damage assessment.
Finally, Chapter 6 contains a summary of the important results and conclusions, along with 
suggestions for future work.
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CHAPTER 2 THEORETICAL BACKGROUND 
AND LITERATURE REVIEW
An extensive literature review in VBDA methods is given in this chapter. An overall exposition 
of VBDA methods for detecting and quantifying damage in structures using the extracted modal 
parameters is presented. In addition, the theoretical background for VBDA methods and for 
deriving modal flexibility matrix is presented. Among VBDA methods, FE model updating and 
a probabilistic approach for damage assessment are focused in the literature review, since the 
proposed methodology in this thesis is developed based on those approaches.
This chapter is organized as follows; section 2.1 presents an introduction of VBDA methods; 
section 2.2 describes theoretical background for the thesis focusing on structural dynamics and 
on deriving the modal flexibility; section 2.3 contains a literature review of VBDA methods. 
The literature review undertaken in sections 2.3.1 and 2.3.2 is categorized based on the damage 
indicator whereas section 2.3.3 is focused on model updating method. Section 2.3.4 reviews 
developed methods concerning uncertainties in VBDA methods.
2.1 Introduction
The principle behind of the VBDA methods is that changes in modal parameters are sensitive 
indicators of changes/damage in the physical integrity of any engineering structure. Rytter (1993)
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suggested one of well known classifications of VBDA methods. His classification is based on 
the level of damage assessment provided, as
|  Level 1: Damage detection: determination that damage is present in the structure
1 Level 2: Damage localisation: determination of the geometric location of the damage
|  Level 3: Quantification of the severity of the damage
|  Level 4: Prediction of the remaining service life of the structure
Besides Rytter’s suggestion, VBDA methods can be classified as model-based and non-model- 
based methods depending on the use of an analytical model to assess localization/quantification 
of damage. As shown in Fig 2.1, model based methods generally modify the analytical structural 
model matrices such as mass, stiffness, and damping to reproduce the analytical response like 
the basic modal parameters or the derived modal parameters as closely as possible to the 
measured response. Hence, damage can be localized and quantified by comparisons of the 
updated matrices to the corresponding original matrices. As a result, model based methods are 
able to accomplish up to third level of damage assessment with respect to Rytter’s classification 
(1993).
On the other hand, non-model VBDA methods may normally identify the location of damage in 
a structure by comparing modal parameters of the undamaged and damaged structures (Maeck 
2003). In this respect, they can accomplish the second level of damage assessment according to 
Rytter’s classification. Therefore, these methods are simple and straightforward, but they do not 
provide quantitative information about damage.
One of the most important aspects of VBDA methods is the selection of the appropriate modal 
parameters as damage indicators in accordance with the sensitivity of the modal parameters with 
respect to particular type of damage. In other words, the selected modal parameters should be 
sensitive enough to assess even a small damage in a structure. In many of the VBDA methods.
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derived modal parameters like the modal flexibility, mode shape curvature, modal strain energy, 
etc., have been suggested in literature for damage indicators rather than using the basic modal 
parameters (modal frequency, mode shape, damping) directly. This is another criterion for 
classifying VBDA methods as shown in Fig 2.1. Doebling et al. (1998) found that the use of the 
derived modal parameters is more appropriate to detect damage rather than the use of basic 
modal parameters only.
•  Damage index method
•  Modal curvature method
•  Flexibility method
•  etc
Non model based methods: Model based methods:
Vibration-based damage 
assessment methods
FE model updating method 
Optimal matrix update method 
Mechanical Model updating method 
etc
Basic modal parameters
Derived modal parameters
Fig 2.1 A Frame of VBDA: a distinction is made by model based and non-model based
methods
Another important aspect of VBDA methods is the accurate extraction of the modal parameters 
from vibration signals, generally called Applied Modal Analysis (AMA), when applied to a real
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structure. AMA can be categorised into experimental modal analysis and operational modal 
analysis depending on how a structure is excited.
In experimental modal analysis, the structure is excited by artificial means such as shakers or 
drop weights like hammer. Suddenly dropping a load on the structure induces a free vibration 
condition. The advantage of the experimental modal analysis is that it suppresses the noise level 
with regard to the structure’s response (Sohn and Law 1997). However, this type of analysis is 
used mainly in laboratory or in small scale model testing rather than in a field or a full scale 
model testing of a large structure.
Applied Modal Analysis
© Peak-ping method
•  CBSI method
•  RFP method
yr 1r
Experimental modal analysis Operational modal analysis
© Stochastic Subspace Identification
•  Auto-Regressive Moving Average 
Vector model
•  Mechanical Model updating method
•  Natural Excitation Technique
Fig 2.2 Classification of Modal Analysis
In operational modal analysis, the disturbances are induced by natural and environmental 
excitation like traffic or wind (Votsis 2008). Therefore, the input force is unknown. This 
approach implicitly assumes that response data alone is sufficient to estimate the modal
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parameters. Moreover, the input has a limited flat spectrum generally implying that only the 
lower modes are only excited. This type of modal analysis is widely used in civil engineering 
structures because its application does not need to restrict or close the structure during the test 
(Sohn and Law 1997).
2.2 Theoretical Background
2.2.1 Eigenvalue and Eigenvector
In structural dynamics, independent coordinates are necessary to specify the configuration or 
position of a system at any time, usually referred to a Degrees of Freedom (DDF). The simplest 
representation is a structure that can be modelled with a single displacement coordinate, known 
as a single DDF system (SDOF). The governing equation of motion of a SDOF system can be 
described by the second-order partial differential equation as (Twins 1984; Strum and Kirk 
1989),
m ü+ cù+ ku  = F (t)  (2.1)
where m, c, k, u and F(t) represent mass, damping, stiffness, displacement and the external
forces acting on the structural system. F(t) is written in this way to indicate that it is a function
of time. Analogous to the SDOF system, the equation of motion of a Multi DDF (MDOF)
system can be described as
lM \{U}+[C\{u}+[K\{u} = {F(t)} (2.2)
The symbols [], and {} represent matrix and vector, respectively. The dimension of [M], [C], [K\
and {«} are expressed as « by « matrices and as « by 1 vector, where n is the number of DDF.
On the condition that damping or frictional force may be disregarded or neglected and that the 
system is free from external forces or actions during its vibration or motion, the system is
defined as an undamped system under free vibrations (Twins 1984). Following on from Eq.
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(2.2), its motion is governed only by displacement and acceleration, i.e.
(2.3)
For free vibrations of the undamped structure, the solutions of Eq. (2.3) can be in the form of 
(Paz and Leigh 2004)
{«} = {a}ûn{cot -  a), where {a} = < (2.4)
where {a} is the amplitude of motion and (D is the circular natural frequency. Substituting Eq.
(2.4) into Eq. (2.3), Eq. (2.3) can be rewritten as;
(2.5)
by factoring out sm{cot-a) and rearranging terms. Eq. (2.5) is, for general case, a system for p  
homogeneous linear equations with unknown {a} and an unknown co. Its nontrivial solution 
(that is the solution for which not all {a} are equal to zero) requires that the determinant of the 
matrix should be equal to zero; in this case
|[iq-©2[Af||=o (2.6)
In general, the expansion of the determinant in Eq. (2.6) results in a polynomial equation which 
should be satisfied for p  values of<y2. For each of these values of <y2 satisfying Eq. (2.6), Eq.
(2.5) can be solved for {a}. For calculation of {a}, it is noticed that the number of independent 
equations is one less than p. Therefore, only the relative values of the elements of {a} can be
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obtained. These relative values are known as the mode shapes each corresponding to a given 
circular natural frequency.
As the relative values of amplitudes of motion are only calculated, the relative values may be 
scaled or normalized to some extent as a matter of choice. The following is an especially 
convenient normalization for a general system, known as mass-normalization,
an (27)
* V h t m h
in which ^  is the normalized z'th component of the /th  mode. For the eigenvector matrix [O ], 
which is mass-normalized, the following condition is established (Jaishi and Ren, 2006)
[ o r r a o M A ]  (2.8)
[ 0 f [M ][0 ]  = [/] (2.9)
where [A] is the eigenvalue matrix, which is a diagonal matrix of the squared circular natural 
frequency, and [7] is the identity matrix. This is called the orthogonality property and leads to 
the basic method for solving dynamic problems (Paz and Leigh 2004).
2.2.2 Modal Flexibility Matrix
The stiffness matrix can be written in modal form by solving Eq. (2.8) as
m = [ 0 ] - r [ A ] [0 r 1 (2.10)
Whereas the flexibility matrix is defined as the inverse of the stiffiiess matrix as
[G] = [K T l (2.11)
The flexibility matrix can be terms of modal parameters (eigenvalue and eigenvector) by 
substituting Eq. (2.10) into Eq. (2.11), this leading to
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[ G ] = [ ® ] [ A r w (2.12)
If all modes and associated eigenvector were available at all the DOFs, Eq. (2.12) could be used 
to calculate the full flexibility matrix. However, in practice, the measured modal parameters are 
modally incomplete (i.e. only a few modes compared to the full set are actually measured), and 
the measurements (via instruments) are spatially incomplete (the number of measured DOFs is 
usually smaller than the number of model DOFs). Defining the measured modal parameters set 
as m and unmeasured set as r, and partitioning the full DOF set into the measured (instrumented) 
DOFs n and the non-measured (non-instrumented) DOFs o, the modal parameters matrices can 
be partitioned as follows (Denoyer and Peterson 1996)
m =
O  <E>mn m
0  Omo ro
(2.13)
[A ] = (2.14)
K  o
0 A,
The columns of Q>mn correspond to the measured eigenvectors taken at the measured 
(instrumented) DOFs, and the columns of Am correspond to the measured eigenvalues. 
Substituting Eq. (2.13) and (2.14) into (2.12) yields an expression for the fully partitioned 
modal flexibility matrix.
[G] = [0][A ]-1[0 ]2
0 0mn m
0 0. mo r o .
1o - 1 0  0mn m
1 o
 
> 1 0  0mo ro _
(2.15)
*m ,A ;'0L+0n,A ;'0^ 0 _ A :0 L + 0 n ,A ;'0 L
- 1/ F . r
L-!0 r m me
*«.A:0L+0mA;'0^ 0_A;'0L+0mA;'0l,
The measured modal flexibility can be constructed by using measured values of frequencies and 
mode shapes. In general, a good estimation of the modal flexibility matrix may be obtained 
from only a few low-frequency modes. This is because low-ffequency modes contribute the
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most to the modal flexibility (Jaishi and Ren, 2006). Therefore, the upper left partition of the 
right-hand side matrix in Eq. (2.15) describes the measured flexibility estimated from 
eigenmodes at measured DOFs and corresponding frequencies
[G„J = [0 „ ,][A ,„ r '[0 „Jr + [ » J [ A J - 1[ O J z (2.16)
where \_Gmn\ is the measured flexibility at measured DOFs only. The second term of Eq. (2.16) 
indicates residual contribution to the measured flexibility at measured DOFs.
Doebling (1995) outlined a procedure to accurately estimate \Gmn\ for forced vibration testing, 
in which the input of the system is known. For the case of unknown input, with measurements 
carried out only in certain locations, i.e. ambient vibration tests, it is not straightforward to 
calculate the residual contribution to the measured flexibility, which is the second term of Eq. 
(2.16). Hence, the following approximation is suggested for the measured flexibility at 
measured DOFs in the case of ambient vibration tests (Jaishi and Ren, 2006).
= (2.17)
2.3 Literature Review
2.3.1 Damage Assessment using Changes in Basic Modal Parameters
2.3.1.1 Modal Frequency Change
There exists a large amount of literature which suggests using the modal frequency change for 
the purpose of damage assessment. The change in natural frequency can be defined as(Xia and 
Hao 2003)
(2.18)
where f t is fth natural frequency and in the above expression ‘D’ and ‘U’ denotes damaged 
state and undamaged state respectively.
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Starting from Cawley and Adams (1979; 1985), they developed a methodology using the ratio 
of frequency change in different modes in order to detect and localise damage in composite 
material. The method first considered a grid of possible damage points, and the ratio between 
frequency changes for two different models were constructed in order to relate the measured 
frequency shift to those predicted by an analytical model. Applications with composite 
materials revealed that at least nine modes should be included in order to calculate frequency 
changes with reasonable accuracy. The method showed that the ratio of frequency changes was 
a function of damage location, but it was not related to the magnitude of damage.
Chen et al. (1995) investigated the effectiveness of using frequencies to indicate damage in a 
bridge structure. They established that environmental effects onto frequency changes could be 
as high as 5-10 %, so frequency changes would not be useful damage indicators, unless 
environmental effects on frequency changes were filtered out. There was an example of filtering 
out the environmental effects from the vibration signals from a bridge structure, e.g, monitoring 
the Z24 Bridge in Switzerland over one year (De Roeck and Peeters 2001). De Roeck and 
Peeters (2001) revealed that once the environmental effects on frequency changes were filtered 
out, damage could be identified when the corresponding frequency changes due to damage were 
higher than 1%.
Choy et al.(1995) presented a methodology of damage assessment using natural frequency 
changes. Numerical models of a beam with various cross-sections were tested in order to 
investigate the applicability of the proposed methodology in cases of multiple defects due to 
cracks in a beam. The damage was modelled using the change in material rigidity in the 
elements of a numerical model. The methodology was capable of identifying multiple defects in 
a beam, although it was only possible to detect damage if the number of defects were known.
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Messian et al. (1996) proposed the Damage Location Assurance Criterion (DLAC) method for 
damage assessment, which is defined as
where {Af} is the measured natural frequency vector calculated from the discrepancy between 
in frequency of the undamaged and damaged structure with a single defect of an unknown size 
and location, and {A/J} is the theoretical natural frequency vector with a known size at location
j-
DLAC values lie in the range of 0 to 1. If the value is close to one, it indicates an exact match 
between the patterns of measured natural frequency and theoretical natural frequency, whereas 
zero indicates no correlation between the measured model and analytical model. The author 
found that more accurate damage localisation could be obtained if the measured frequency 
changes were normalised with respect to the measured frequency of the undamaged structure. 
The negative aspect of the DLAC is that it is only able to assess the damage location, when 
there is a single damage in a structure.
Messian et al. (1998) further developed DLAC methodology to a new correlation coefficient of 
the Multiple Damage Location Assurance Criterion (MDLAC) in order to provide reliable 
information about the location and the size of damage at one or multiple locations as
l a y - H w r o f _________
{Afl? {/%f}).(A^T;{/\r)})}T.{Ayf({AI)})})  ^ ^
where {<?D} is the analytical damage vector for any combination of size and location of 
damage at one or multiple locations. They concluded that it provided a practical tool, as
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MDLAC only required information about the changes in a few modal frequencies between the 
undamaged and damaged states. The methodology was employed in various numerical 
examples including a truss structure and an offshore platform structure. Results showed that 
even when assuming significant modelling errors in a numerical model, damages were 
successfully predicted by the MDLAC.
Xia and Hao (2003) developed a statistical damage identification methodology using 
frequencies, where any inaccuracy could be overcome by taking account the uncertainties due to 
measurement noise and modelling error. Chandrashekhar and Ganguli (2009b) proposed a 
methodology in which frequency was used as a damage indicator and incorporated a fuzzy logic 
system for damage detection in structures, having uncertainties in material properties and 
measurement noise. These studies are frequency-based damage detection methods, for which 
the results are expressed in probabilistic terms, so that a more detailed review is undertaken in 
section 2.3.4.
In conclusion, VBDA methods based on the modal frequency changes have been widely used in 
various applications with/or without the help of an analytical model. Modal frequency can be 
measured both conveniently and accurately but has a low sensitivity to damage, i.e. significant 
damage may cause only small change in natural frequencies. Moreover, these changes may not 
be detected due to measurement or modelling errors. Finally, due to the fact that the modal 
frequency has somehow low sensitivity with respect to damage, sometimes environmental 
effects have a bigger contribution to the changes in frequency than damage itself (Chen, 
Spyrakos et al. 1995). There are not many examples which have employed the method outside 
the laboratory. Most occasions of success in using the natural frequency changes for the VBDA 
have taken places with small simple laboratory structures or numerical examples rather than a 
real structure outside the laboratory (Doebling, Farrar et al. 1998). However, the more recent
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work of De Roeck et al (2001) seems to be encouraging the use of frequency changes for 
damage identification, if the ambient and environmental effects are filtered out.
2.3.1.2 Mode Shape Change
The above mentioned difficulties with natural frequency damage indicators can be overcome to 
some extent by using changes in the mode shapes of a structure, since the mode shape is more 
sensitive to local damage (Kim, J. T. et al., 2003).
West (1986) was the first to implement the use of mode shape information for damage 
localization. He developed the Modal Assurance Criteria (MAC) method to determine the level 
of damage. The methods assess damage in terms of the correlation between mode shapes from 
an undamaged, </>*, and damaged, , structure. The MACa,b value is defined as
MAC Ap =A,B~— » (2.21)
I > / ) 22 > -8)2
i= l
where n is the number of degree of freedom (DOF), A and B represents undamaged and 
damaged models. The MAC values are varying from 0 to 1, with one for a perfect match and 
zero for a completely dissimilar state. The change in MAC value was successfully used to 
localize the structural damage by determining the level of correlation between modes from an 
intact Space Shuttle Orbiter body flap and a possibly damaged counterpart which was exposed 
to acoustic loading.
Fox (1992) revealed that the MAC values were relatively insensitive to a fault in a beam that 
had a saw cut damage. He suggested the alternative “Node line MAC” which was based on a 
MAC method, setting measurement points nearby a node point. The Node line MAC was 
discovered to be a more sensitive damage indicator through changes in the mode shape caused
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via fault.
Salawu and Williams (1994; 1995) conducted full-scale forced-vibration tests on a multi-span 
reinforced concrete highway bridge. Vibration data were obtained before and after structural 
repairs. It was found that the natural frequencies did not change significantly after structural 
repairing. The first seven measured natural frequencies shifted by less than 3% after repairs, 
while the MACa,b values indicated substantial changes before and after repairs. The authors 
concluded that it would be possible to identify the damage location, if the MACa,b are 
comparatively calculated before and after damage.
Allemang (1982; 2002) gave an overview on the use of the MACa,b values and Co-ordinate 
Modal Assurance Criterion (COMAC). The COMAC was originally developed based on the 
MACa,b- The COMAC definition captured more local information than MAC, because it 
combined information from two different modes at the same DOF. For example, the 
COMACi j A B value is defined as
COMAC,
2
7=1
n n
i= l  i= l
(2.22)
where n is the number of degree of freedom (DOF), m is the number of modes, A and B 
represents undamaged and damaged models. If /th DOF of theyth mode shape from two sets of 
measurement is identical, the COMAC value equals 1 for this jth  DOF. A low COMAC value 
would indicate low correlation at a point and thus it would indicate a possible damage location.
Fiyba and Pimer (2001) used the COMAC method for investigating the quality of a repair of a 
three-span prestressed concrete segment bridge, where the left superstructure of the bridge had
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spontaneously slid off its bearings. The structure had been lifted back on its bearings and the 
cracks sealed. The COMAC value confirmed that the repaired left segment responses were 
consistent with the undamaged right segment, and consequently the repair of the crashed 
structure was well done.
Ratcliffe (1997) developed a technique for identifying the location of structural damage in a 
beam using the mode shape information from the damaged structure. The technique did not 
require a priori knowledge of the mode shape of the undamaged structure. In this technique, a 
finite difference Laplacian, Z*; is used as
=(d+i +d_,)-24 (2.23)
where is the Laplacian of the z'th DOF, which is used to identify the location of stiffness 
damage. The damage was identified in the form of a noticeable jump in the Laplacian, where 
damage existed. However, in a case of less severe damage, the effect on the Laplacian was less 
obvious. The findings were supported by experiments, in which a slot cut into a steel beam was 
successfully identified.
Jaishi and Ren (2006) indicated that the most important issue in using mode shapes in FE model 
updating is the mass normalization of the mode shapes obtained from ambient vibration test, as 
the mode shapes obtained from a modal extraction generally have arbitrary magnitude. 
Therefore, a procedure is needed to normalize mode shapes. There are three methods to 
normalize the ambient vibration mode shapes, namely the Guyan-Reduced Mass Normalization 
(GRM), Orthogonal Procrustes Expansion (OPE), and Diagonal Mass Matrix (DM) (Doebling, 
S.W. and Farrar, C.R., 1996). The GRM method is straightforward, and it is used in most FE 
model updating methods to normalize the experimental mode shape.
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Ren and De Roeck (2002) indicated that although VBDA methods using mode shape 
information were well applied to various small structures, there were significant difficulties in 
full-scale structures due to the noise in measurement of mode shape. In addition, measuring 
mode shape information was usually accomplished through spatially incomplete measurements, 
which would give insufficient information of real test structures. In addition, according to Kim, 
J.T. (2003), using mode shapes has some additional limitations. Firstly, if damage is local, it 
may not significantly influence the mode shapes of lower modes, which are usually measured in 
vibration tests of large structures. Secondly, extracted mode shapes may easily be affected by 
environmental influences. Finally, the number of sensors and the choice of sensor locations may 
have a crucial effect on the accuracy of the damage detection using mode shape as damage 
indicator. Therefore, some researchers proposed the use of the second derivative of the mode 
shape which is mode shape curvature.
2.3.1.3 Damping Changes
In engineering, the damping ratio is a parameter, usually denoted by Ç that characterizes the 
frequency response of a second-order differential equation. The damping ratio provides a 
mathematical means of expressing the level of damping in a system relative to critical damping 
(Alciatore and David G. 2007). For a damped harmonic oscillator SDOF system under free 
vibration, i.e. it can be defined as the ratio of the damping coefficient in the system’s differential 
equation to the critical damping coefficient;
(2.24)
where the system differential equation is
mü+cù+kx = 0 (2.25)
and the corresponding critical damping coefficient is
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cc = ijkm  (2.26)
The damping ratio is dimensionless, being the ratio of two coefficients of identical units.
The use of damping ratio for VBDA methods was not developed until recently, due to the lack 
of accuracy in determining damping ratio from the vibration test. In literature, the methods 
using damping ratio as an indicator of damage were often unsuccessful. For example, Farrar and 
Jauregui (1998b) used the experimental damping ratios of a bridge before and after damage was 
induced. They found that damping ratio of this bridge fluctuated, and it did not keep increasing 
or decreasing consistently according to the level of damage.
Salane and Baldwin (1990) conducted an experimental modal analysis of a steel girder bridge 
with concrete decking. The analysed damping ratios from the modal analysis showed that 
although damping ratios were affected by deterioration, they could not be suitable indicators of 
damage. This was because damping ratios was initially increased and then subsequently 
decreased, even though damage kept increasing.
Salawu (1995) also presented experimental test results regarding the damping ratio of a 
reinforced concrete bridge, and found that damage was not associated with a clear trend in 
damping ratio values before and after repair.
However, recent works regarding the damping factor as a damage indicator have been 
developed in the composite materials field. The reason for the increasing use of damping factors 
as a damage indicator is that if structures made of composite materials, damping factors seem to 
be more sensitive to damage than other modal parameters (Montalvao, Ribeiro et al. 2008). The 
damping factor, rji , is defined as (Keye 2006)
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where h, m and an are the stiffness, mass proportional damping constants, and /th circular 
natural frequency, respectively. The author developed a method using the damping factor 
deviations, which is derived using the damping factor;
A)/,(x) = ,7° Wg (2.28)
where x is the modelled damage location, and superscript D, and O denote the damaged 
structure and undamaged structure. The methodology was applied to in Carbon fibre Reinforced 
Polymers (CFRP) to identify and locate delamination damages. The approach was based on that 
there was a certain correlation between measured damage-induced damping variations and the 
corresponding data from a numerical model. He concluded that the proposed method enabled to 
locate damage using experimental data from only a single response sensor. In addition, the 
updated FE model was a better indication of damage location than the original analytical model.
Kyriazoglou (2004) suggested a method which measured a specific damping capacity (SDC) as 
a damage indicator. SDC is defined as
SDC = —  (2.29)
U
where AC/ is the energy dissipated in one cycle, and U is the energy stored in that cycle. He 
tested a cantilever beam before and after the introduction of damage. The results indicated that 
damping properties were sensitive to the presence of cracks and support the method of 
monitoring changes in values of SDC.
Montalvao et al. (2008) proposed a methodology based on the use of mode shapes and the 
damping factor derivatives together. It is called damping damage indicator (DaDI), which 
provides a geometrical probability indication of the damage location, and it is defined as
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------------ (2.30)
r= l
where a plane shape function (PSF) defines for rth mode shape at a node with co-ordinates {i,j)
\x r\ IH
PSF;=~> f 1 ■+—^-y—T (2.31)
max | ^ |  max 11^ 1
where X  and Y  are two arbitrary mode shapes dependent on physical quantities in the directions 
of x and y, respectively. In order to validate the proposed method, numerical and experimental 
tests of CFRP plates were carried out. Theoretically, only one response transducer might be used, 
since it possibly used only one response transducer. The author revealed some advantages of the 
proposed method. For example, it was even applicable at low level of damage in structures; and 
it also provided a probability of damage with geometrical description of the damage location for 
any bi-dimensional structure. While, disadvantages were that it required a reliable FE model and 
experimentally measured mode shapes. Therefore, its success was strongly dependent on the 
correct FE modelling and measurement of mode shapes.
In the case of structures made of composite materials, where a large amount of sensors is not 
available to measure vibration data for damage assessment, the use of the modal damping factor 
as a damage indicator has been suggested and is increasingly being used. This is due to the fact 
that the modal damping factor is possibly measured with only one force and one response sensor, 
and the variation of the modal damping factors between the undamaged and damaged states of 
the structure tends to be more sensitive to damage than the stiffness variations, mainly when 
delamination damage in composite material is concerned (Montalvao, Ribeiro et al. 2008).
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2.3.2 Damage Assessment using Change in Mode Shape Derivatives
stiffiiess value in an element, for instance, may cause a sudden change in the mode shape’s first
quantify the damage in the structure (Chance, Tomlinson et al. 1994).
2.3.2.1 Mode Shape Curvature (MSC) Change
The concept of MSC is associated with cross-section bending rigidity (ET) of members. 
Following damage in some elements, the reduction of El will cause an increment in curvature. 
Hence, damage can be detected through the changes in MSC (Gandomi, Sahab et al. 2008)
identified by the absolute difference in the MSC by comparing the damaged and undamaged 
structure as
An alternative damage indicator for VBDA methods is to use mode shape derivatives. Loss of
or second derivatives. Observation of changes in these modal derivatives may help to locate and
(2.32)
where fa- isyth mode shape curvature at rth DOF.
According to Pandey, et al. (1991), ^  can be computed using the central difference between
two consecutive DOFs as (Pandey, Biswas et al. 1991)
(2.33)ij 1-2
where L is the distance between two consecutive DOFs. The location of damage is then
(2.34)
where and ( f f  denote the damaged and undamaged MSC.
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Pandey, et al. (1991) numerically simulated a simply-supported beam in order to demonstrate 
the applicability of MSC. By comparing with other VBDA methods, their work revealed that the 
absolute changes in MSC could be a good damage indicator. For example, the MSC was a far 
more sensitive damage indicator than the MAC or COMAC values. In their simulation, damage 
was assumed to be a 50 % reduction in Young’s modulus at particular point in a beam.
Maeck and De Roeck (1999) proposed a direct approach for damage assessment using MSC 
method for quantification of damage in a bridge structure. They validated their approach by 
applying it to the Z24 prestressed concrete bridge in Switzerland. By investigating changes in 
MSC, damage was accurately estimated.
Wahab and De Roeck (1999) introduced the Curvature Damage Factor (CDF), as a damage 
indicator. The CDF is dividing the absolute difference between measured and analytical MSC 
by the number of modes, as
1 m
CDF„  (2.35)m j=\
where m is the total number of modes. They employed CDF to the Z24 Bridge in Switzerland 
for damage identification. The CDF successfully identified the multiple locations of damage 
that existed in that structure.
Lestari and Hanagud (2001; 2007) applied CDF to a surface-bonded cantilever beam in order to 
localise and quantify the damage. Carbon/epoxy composite beams were numerically simulated 
and it was found that the damage estimated by the CDF could identify the damage locations. 
Experiments were also conducted to validate the method, and the predictions were in reasonably 
good agreement with the actual damage locations.
Chandrashekhar and Ganguli (2009b) suggested MSC as a damage indicator, with variations in
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MSC used for developing and testing a fuzzy logic system. In addition, Monte Carlo Simulation 
(MCS) was used to investigate the changes in the damage indicator due to uncertainties in the 
geometric properties of the beam. As the results of damage assessment for the proposed method 
is shown in probabilistic terms, more details are given in section (2.3.4).
In conclusion, MSC methods have been used widely to identify damage in the structural 
engineering field. Salawu, et al (1995; 1997) suggested that VBDA methods using the MSC as a 
damage indicator were probably more accurate than that those using the basic modal parameters. 
Furthermore, the use of MSC is more pertinent than the use of mode shape itself when damage 
is expected in a small region of a structure, according to Almpalli (1997). This is due to the fact 
that the changes of the MSC are highly localized in the damage region.
2.3.2.2 Modal Strain Energy(MSE) Changes
Due to the fact that mode shapes store a large amount of strain energy in a particular structure 
element, it is logical to consider the changes in modal strain energy as an indicator of the 
damage location (Zou et al. 2000).
Stubbs and Kim (1992; 1995) developed the modal strain energy in a Bemoulli-Euler beam 
model associated with a particular mode shape, which may be calculated from
F„ = \ i FIA?dx (2.36)
where Fÿ is the modal strain energy of rth mode and /th  element, E is the elastic modulus, Iz is 
the second moment area, L is the length of a beam and ^  is the MSC, which was defined in 
Eq (2.33). The authors used the ratio of modal strain energy for an element before and after 
damage to an experimental plate girder. A statistical hypothesis technique was used to test the 
significance of damage.
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Kim and Stubbs(2002) further developed the modal strain energy approach using a damage 
index method (DIM). The DIM was developed on the assumption that the fraction of the modal 
strain energy was caused by damage in an element. The DIM of fth mode and yth element, /T is
obtained by
A my, m m ,  Ï
I W r a A  J
(2.37)
where [K] is the system stiffness matrix, and [Kge~\ is the corresponding geometric contribution 
to the system stiffness matrix. This approach was applied to a damaged steel bridge to detect 
and locate damage using the DIM of the first three mode shapes, and the results indicated that it 
provided a good agreement between predicted and estimated damage locations.
Sampaio et al (1999) employed DIM to a numerical 10 DOF lump mass system and the 
experimental data gathered from the Interstate 40 (1-40) bridge located over the Rio Grande in 
Albuquerque, NM, U.S.A. Both numerical simulation and the experiment data results from the 
proposed method clearly indicated the damaged elements. In addition, a statistical hypothesis 
technique was used to test the significance of damage by examining the value of the DIM. For 
the fth mode, Eq. (2.37) will yield n number of values (where n is the number of elements), as 
Pÿ’ Pi 9 Pn (omitting the subscript f). If the collection of values is considered as
realizations of a random variable, the normalized damage index, zJt was defined (Stubbs, Kim et 
al. 1995).
z} = Pi ^  (2.38)
where fiPj and crPj represent the mean and standard deviation of the damage index pj 
respectively.
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Park and Stubbs et al. (2001) verified the DIM in a concrete box-girder bridge via visual 
inspection. By comparing the damage locations predicted by the DIM and the visual 
observations of surface cracks, the following conclusions were made: (1) a strong correlation 
existed between the predicted damage locations by DIM and the observed surface crack pattern, 
(2) the sequence of the development of cracks in the box-girder bridge could be identified and 
modified by periodic monitoring the structure using DIM, and (3) environmental conditions 
might significantly affect the accuracy of predicting the damage locations.
Hu and Wu (2009) presented a novel approach that employed experimental modal analysis 
(EMA) and MSE method. EMA was conducted to obtain the mode shapes before and after 
damage, and MSE was computed using the modal displacements of each mode shape. 
Experiments of an aluminium alloy 6061 thin plate were employed to investigate a surface 
crack. Results confirmed that MSE is much more sensitive to small changes in structural 
response compared to frequencies and mode shapes.
2.3.2.3 Modal Flexibility (MF) Matrix Changes
The basic principle of structural damage detection based on the change of modal flexibility 
matrix is that the modal flexibility matrix is a function of the mode shape and the natural 
frequency when the structural vibration modes satisfy the normalisation condition. If the largest 
component value in each column of the modal flexibility matrixes in Eq. (2. 12) before and after 
structural damage is identified, and then structural damage location can be ascertained by 
examining the largest element value in each column (Yan,Y.J. et al., 2007).
Pandey and Biswas (1994) presented the use of the measured flexibility as a damage indicator. 
The authors employed the methodology in several numerical examples and conducted some 
experiments. Both results from the numerical and actual experimental examples showed that a
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reasonable accuracy in damage detection can be possibly achieved by using the first a few 
modes.
Zhao and De Wolf (1999) compared the sensitivity of the natural frequency and the modal 
flexibility. By applying both to a simulated five DOF spring mass system, it was found that the 
modal flexibility was more sensitive than the natural frequency for damage assessment.
Farrar and Doebling (1997) observed different results by comparing the Modal Strain energy, 
the MSC and the modal flexibility in locating damage on the 1-40 bridge over the Rio Grande in 
America. Results indicated that the modal strain energy was the most sensitive indicator in 
detecting damage on the bridge. The flexibility based method could only locate damage in the 
most severe damage incident.
Yan and Golinval (2005) proposed a damage detection approach based on changes in measured 
modal flexibility and stiffness. The principle of the proposed method is that damage localization 
is achieved by a combined assessment of changes in the modal flexibility and the corresponding 
stiffness matrices in moving from the undamaged state to the damaged state. Two numerical 
examples and an experimental application showed that the approach required a sufficient 
number of well distributed sensors if damage is too small.
Li et al. (2010) proposed a new structural damage detection approach based on changes in the
generalized modal flexibility matrix, [G]g .
[G\g = [0][A ]"2[0 ]r (2.39)
A numerical example for a simply supported beam was used to demonstrate the effectiveness of 
the proposed method, compared with the original flexibility matrix based approach. The new 
approach was found to work well even with only the first frequency and the corresponding
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mode shape.
2.3.3 Damage Assessment using Analytical Model Updating
Most model updating methods for damage assessment using vibration data usually require a 
highly accurate and detailed analytical model to analyze and predict damage through the 
vibrational behaviour of the structure (Teughels, Maeck et al. 2001). Once an analytical model 
is built, its accuracy is often tested by comparing some quantities with those obtained from the 
physical structure. If the correlation between the two is poor, the analytical model should be 
modified to improve the agreement between the prediction from an analytical model and the test 
result from the physical structure. The modified (updated) analytical model may then be 
considered a better representation of the physical structure than the initial analytical model, and 
can be used for subsequent damage assessment (Bagchi 2005).
Although there are several ways in which the model based updating methods can be classified, 
they are usually subdivided into three basic categories: Optimal matrix update methods, FE 
model updating methods, and mechanical model updating methods.
2.3.3.1 Optimal Matrix Update (OMU) Method
The OMU methods are based on the direct modification (updating) of structural model matrices 
to reproduce as closely as possible to the measured static or dynamic response of the physical 
structure by forming a constrained optimization problem, which is based on the structural 
equations of motion. Comparisons between the updated matrices and the correlated initial 
matrices provide an indication of the location and the severity of damage (Denoyer and Peterson 
1996).
The basic concept of OMU method is followed. In general, the measured modes shapes are not 
orthogonal to the analytical mass matrix. Therefore, the corrected mode shape matrix can be
UniS 2- 26 S.Shin
Chapter 2 Theoretical Background and Literature review
derived using the constrains of the orthogonality with respect to the analytical mass matrix 
(Baruch 1978), which is
[<I>Jr [MJ[<I>J = [f] (2.40)
where [M\ is the analytical mass matrix, [<Dm] is the measured mode shape matrix, and [i] is 
the identical matrix. If this approach assumed that the analytical mass matrix stay unchanged, 
the update problem is formulated in two steps. Firstly, the mass normalised mode shape matrix 
may be modified to enforce orthogonality with respect to the analytical mass matrix. A modified 
mode shape matrix is then determined that minimises a weighted Euclidean norm given by 
(Denoyer and Peterson 1996)
= (2.41)
where [<DJ is the modified mode shape matrix.
In the second step, the modified mode shapes are then used to find the updated stiffiiess matrix 
[KJ which is closest to the analytical stiffness matrix (Baruch and Itzhack 1978)
(2.42)
+[MJ[<I)J[<I)J7’[^J[d)J[d)J7’[MJ+[MJ[<I)J[AJ[d)Jr[MJ
where [ Am ] is the measured eigenvalue matrix. One important feature of these methods was 
that they reproduced the updating matrices without requiring iteration, so that it can avoid the 
possibility of divergence and excessive computation.
Kabe (1985) developed a common formulation of the OMU method that was essentially
minimization of global parameter matrix using zero modal force error and property matrix
symmetry as constraints. This method preserved the physical connectivity of the original model
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in the updated stiffness.
Liu (1995) presented an OMU method to compute the elemental stiffness and mass matrices for 
a truss structure from measured modal parameters (eigenvalue and modes shape matrices). He 
found that OMU method has the advantage of computational efficiency, as the updated 
mass/stiffhess matrices are able to reproduce the natural frequencies and mode shapes without 
iterations. Updating will be done in an attempt to optimise the modal parameters between the 
measured and analytical model. Therefore, there is a crucial requirement for accurate modelling 
and very high quality measurements.
In addition, as OMU methods compute the changes in mass and/or stiffness matrices directly 
from measured frequencies and mode shapes, the analytical mode shape vectors are essentially 
to be expanded to the vectors of the full set DOFs. The matrix expansion will introduce errors in 
the data of the updating algorithm. Although reducing the analytical model to the measured 
DOFs is a possible alternative, it leads to an updated model smeared over a large number of 
DOFs. This makes it difficult to locate and detect damage in a structure (Friswell and 
Mottershead 1995).
The major drawback, therefore, is often difficult to interpret the physical meaning of the 
updated mass or stiffness matrices, and in case that DOFs of the measured modal parameters are 
not agreed with those of the analytical model in terms of the size and location. Since then, few 
literatures have been developed a damage assessment method based on the OMU.
2 3 3 ,2  FE Model Updating Method
This section provides a brief review on the FE model updating methods for damage 
assessment/structural analysis, with emphasis on the existing deterministic methods that do not 
consider uncertainties in measurement of vibration response, modelling, etc.
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Similar to the OMU methods, FE model updating methods also seek to minimize residuals 
between the measured modal parameters (MMP) and the analytical modal parameters (AMP). 
The main difference between FE model updating method and OMU method is that the residuals 
of FE model updating method is expressed as a function of a set of updating parameters (UPs) 
in a stiffness or mass matrix, while those of OMU method is expressed as direct structural 
model matrix perturbations, AÆ and AM (Denoyer and Peterson 1996). Therefore, the 
purpose of FE model updating is to modify UPs of the analytical model in order to obtain the 
minimization of residuals between the numerical and the measured modal parameters.
Fig. 2.3 shows several important issues raised when performing VBDA methods using FE 
model updating, which are 1) updating algorithms used to implement the minimisation, 2) 
selection of UPs including the number of UPs, and 3) the selection of the objective function to 
be minimize the residuals between MMP and AMP (Carden and Fanning 2004).
In terms of updating algorithms, the minimization of the residuals is the core of the method. The 
residuals have to be minimised by adjusting uncertain model parameters. Linear and non-linear 
solutions for minimization were developed for FE model updating method. The linear solution 
makes use of truncated Taylor expansion. One of non-linear solutions is an iterative least- 
squares estimator based on linear solution (Denoyer and Peterson 1996).
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FE model updating methods
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Fig. 2.3 A Framework of FE Model Updating
Selection of the residuals is another important issue in FE model updating, due to the fact that 
its effect on the behaviour of the utilized minimization algorithms. Established in theory, the 
residuals is normally built up by between MMP and AMP (Friswell and Mottershead 1995).
With increasing the available computing power, the larger size and more complex models is 
now possible to tackle with the number of UPs than ever before. However, as the methods based 
FE model updating are usually solved by iterative methods, their application to large models can 
be very computationally intensive (Carden and Fanning 2004). Therefore, the number of UPs is 
still an important issue for FE model updating for damage identification.
In order to tackle with all aforementioned issues about the FE model updating for damage 
identification, an element parameterisation should be addressed, due to the fact that the 
structural model matrix can be expressed as a function of the UPs of an element. Doebling
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(1995) proposed one of parameterisation method to facilitate the analytical structural matrix in 
form of a particular Element Stiffness Parameter (ESP) and Element Mass Parameters (EMP) as
m = I > , w1=1
(2.43)
/=1
where m is the number of elements; [ K* ] and [ M* ] is, fth element stiffness matrix and element 
mass matrix; a,, and f3l is zth ESP and EMP, respectively.
Jaishi and Ren (Jaishi and Ren 2005) presented FE model updating method using the measured 
modal response. The formulation was expressed as functions which consist of analytical 
responses, structural parameters and a sensitivity matrix. This is done in terms of a first-order 
Taylor series as follows:
{Z}=[S]{Aa} (2.44)
where
= (2.45)
and {Z} is residual vector which is calculated a unique entry of the residuals between the 
measured and analytical modal parameter matrix; [5 ] is its sensitivity matrix;[Pm] is the
measured modal parameter; [PJ is the analysed modal parameters; and {Aa} is the changed
ESP. The generalized sensitivity matrix [ S' ] is containing the first derivatives of the measured 
modal parameters with respect to the updating parameters.
In Ep. (2.41), the changed ESP {Aa} therefore, can be uniquely solved by a linear least square 
solution, which can be derived using truncated Taylor series expansion as
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{Aa} =  [S ]+.{ Z }  (2.46)
where []+ is Moore-Penrose generalized inverse which can be solved by singular value 
decomposition. When changed ESP {Aa} is calculated, the unknown damaged ESP, {aD} , 
can be obtained by
{aD} = {a} + {&a} (2.47)
However, a linear least square solution may introduce significant error due to ignore the non­
linear effect on model updating procedure. Introducing nonlinear effect with the respect to the 
unknown UPs, the following straightforward approach is suggested. Iterative lest square
solution would refine the linear least solution obtained from Eq (2.43). This is also called as the
Gauss-Newton method (Dahlquist and Bjorck 1974). In an iterative process the unknown UPs 
are adjusted until the discrepancies between the numerical and experimental modal parameters 
are minimised to a certain goal. In this way the model is corrected such that it better represe 
nt the real structure with the literately defined UPs (Maeck, Abdel Wahab et al. 2000).
The detailed procedure of the iterative solution for UPs is described in chapter 3, as it is one of 
the frameworks of the proposed methodology.
Friswell, et al. (1994) presented FE model updating method for damage detection of a 
Bemoulli-Euler beam model. The FE model was assumed to highly accurate to represent the 
real structure. Based on this assumption, the natural frequencies of the undamaged and all the 
postulated damaged scenarios from FE model were computed, and then ratios of the frequency 
changes between the undamaged and the damaged model were numerically calculated. In this 
way the most likely damaged element was identified for a range of damage level.
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Kim and Stubbs (1995) presented a methodology to locate and estimate the severity of damage 
using FE model updating method. The authors applied for three occasions of measuring modal 
parameters: (1) few modes are available, (2) not all DOF are measured by sensors, and (3) no 
modal parameters of the undamaged structure are available. The numerical example of the 
jacket-type offshore platform was employed, and results showed that there were successful 
identification of the location and severities of the damage achieved with limited modal 
information.
Denoyer and Peterson (1996) also demonstrated FE model updating method using linear and 
non-linear solution for minimizing the residuals between MMP and AMP. The author employed 
the method to numerical simulations of a welded frame structure and laboratory test of a 
cantilever beam. The experimental results were deviated from the theoretical prediction by 
approximately twenty percent.
Wang et al. (1997) implemented FE model updating method to establish the baseline modal 
parameters for a long-span bridge. Three analytical models of the bridge were simulated to 
obtain the modal parameters. They suggested that FE model updating method for damage 
identification might be used in automated on-line monitoring on bridges.
Pavic and Hartley et al. (1998) applied the FE model updating technique to footbridges and 
concrete floors. They showed that if only natural frequencies were used for updating, then 
unrealistic mode shapes might be predicted after model updating. In addition, unless the initial 
UPs were sufficiently close to the final values, the unrealistic results were obtained.
Moller and Friberg (1998) chosen the residuals between natural frequencies in FE model and 
experimental natural frequency, and an iterative solution was chosen for minimization algorithm. 
Applications to large models were tedious and expensive due to the fact that the analytical
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problem was performed at least one in iteration. In order to perform the process fast, they 
suggested that projecting the problem onto a subspace method would reduce the size and the 
computational effort, and it would make possible to handle a large problem.
Zhang et al. (2000) presented a FE model updating procedure using an eigenvalue residuals to 
assess damage in a complex structure. The proposed method was applied to a 1/150 scaled 
suspension bridge model. The FE model was updated by adjusting ten selected UPs using 11 
measured eigenvalues. The updated FE model was able to produce natural frequencies in 
reasonably good agreement with the measured frequencies. They concluded that this updated FE 
model could be used for damage assessment for a bridge model
Gola et al(2001) investigated the effect of the number of UPs in FE model updating methods. In 
his finding, the theoretical number of UPs should be less than the number of measured natural 
frequencies when updating was performed using frequency information.
Furthermore, Teughels and Maeck (2002) and Teughels (2003) successfully applied FE model 
updating method to a reinforced concrete beam model in order to assess crack damage in a 
beam. The Young’s modulus was chosen for UP, and damage was assessed in terms of reduction 
in Young’s modulus.
Brownjohn et al. (2001; 2003) developed a methodology for accurate and reliable condition 
assessment of civil structures using FE model updating. The method successfully used for 
condition assessment for a bridge structure. However, the author concluded that the success of 
applications of the method depended on several issues including the accuracy of analytical 
model of complex bridge structures and well-designed and controlled modal test.
Park (2005) employed FE model updating method to evaluate a welded reinforcement splices
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during the construction process. For comparative purposes, NDT methods, like radiographic 
inspection, and destructive tensile tests were performed to evaluate the accuracy of the proposed 
method. The results showed that the VBDA method using FE model updating yielded more 
accurate predictions of the actual damage of the welds than the radiographic inspection 
technique.
Bagchi (2005) presented the iterative non-linear solution for damage identification using FE 
model updating method. The employed structure was a three span continuous steel free deck 
bridge located in western Canada. From his study, it was revealed that the initial FE model 
should be built such that it represented the actual structure as closely as possible. The results 
demonstrated that the difference between the modal parameters from the FE model and field 
tests affect the quality of the model updating process.
Jaishi (2006) also employed an iterative FE model updating method. The proposed damage 
detection method was applied to a numerical simply supported beam and the laboratory test of 
the reinforced concrete beam. The results showed that the proposed method was promising for 
the detection of damage in the structure, despite all the elements in the FE model were used as 
updating parameters.
Above mentioned literatures are deterministic FE model updating methods that can lead to 
erroneous results for damage assessment, because the fluctuations of the vibration responses due 
to the existence of uncertain variables and measurement noise, etc. Therefore, nowadays FE 
model updating methods under considering probabilistic uncertainties have been attracting more 
and more studies in the last decades from many researchers, and the detailed literature reviews 
are presented in section 2.3.4.
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2 3 3 3  Mechanical model updating method
In the frame of developing a mechanical model updating method for VBDA, the method is 
elaborated to derive the bending and torsion stiffness at a certain location of a structure using 
the measured mode shapes and the corresponding natural frequencies. This method is called 
direct stiffness calculation (DSC), and it is developed to calculate the modal curvatures and 
torsion rates without using analytical derivation from the modal displacements. Combined with 
modal internal forces, this leads to an estimation of stiffness decrease in the structure. If the 
mass distribution is assumed to be known, the advantage is that no numerical model is needed to 
obtain the stiffness distribution for a structure (Maeck, Abdel Wahab et al. 2000; Maeck 2003).
The DSC method uses of the basic mechanical model that the bending stiffness E l in each 
section is equal to the bending moment M  divided by the corresponding modal curvature for 
beam structure model (Maeck 2003).
e i = W T  (2-48)
/ dx2
where d ^ y / 2 is second derivative of bending mode shapes <f>b. In the same manner, the
torsion stiffness GJ is equal to the modal torsion moment T in that section divided by the 
corresponding modal torsion rate (Maeck 2003)
gj=W7 ( 2 -4 9 )
/ dx
where is first derivative of torsional mode shapes f t . The simulation examples show
that the stiffness estimation using DSC is excellent for noise-free data, but when artificial noise 
is added to the dynamic parameters, the accuracy level for the bending stiffness is decreasing,
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especially for the higher modes. Therefore, rather dense measurement mesh and moderately low 
noise levels are requested for a good performance of the method (Maeck 2003)
In summary, the methods based on model updating method have been used extensively in 
damage identification algorithms. One of the most important drawbacks of this method is that 
the engineer is forced to use one’s judgement to choose most likely damaged parameters. In 
addition, the lack of knowledge of location leads to difficulties in applying the methods to a 
complex structure due to an increased number of updating parameters.
2.3.4 Damage Assessment Methods concerning Uncertainties
2.3.4.1 Characteristics of Uncertainties
A range of uncertainties may need to be considered in the field of damage assessment of civil 
engineering structures. These might be caused by various reasons like environmental conditions, 
modelling error, workmanship error, human error, and prediction of future events.
There are various ways in which the types of uncertainties might be classified. One is to 
distinguish between ‘random’ (or aleatory) and epistemic (or intrinsic) uncertainty. The first 
refers to underlying, inherent uncertainties and the latter refers to uncertainties which might be 
reduced with additional data or information, better modelling and better structural parameter 
estimation, etc.
A typical classification of uncertainties in the field of damage assessment is shown in Fig 2.4. 
Each of the uncertainty classifications shown will be briefly discussed, and a more detailed 
description for modelling and statistical uncertainties will be shown in Chapter 3, as these have 
been found to be particularly important for damage assessment (Melchers 1999).
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Physical
Modelling
Prediction
Statistical
Human Factors
Fig. 2.4 A Classification of uncertainties in the field of damage assessment (Melchers 1999) 
Physical Uncertainty
Physical uncertainty is that identified with the inherent random nature of a basic variable, and 
might be reduced with greater availability of data, or, in some cases, with greater effort in 
quality control. However, it cannot be eliminated, as is evident for natural phenomena such as 
wind loading, snow loading, etc. Generally, the physical uncertainty for any basic variable is not 
known a priori and must be estimated from observations of the variable or be assessed 
subjectively.
Modelling Uncertainty
Modelling uncertainty is associated with the use of one (or more) simplified relationship 
between the basic variables to represent the ‘real’ relationship or phenomenon of interest. In its 
simplest form, modelling uncertainty concerns the uncertainty in representation of physical 
behaviour, such as through the equation of motion, the limit state equations, etc. Modelling 
uncertainty is often associated with lack of knowledge. It can be reduced with research or 
increased availability of data.
Prediction Uncertainty
An estimate of future damage or reliability in civil structure depends on the state of knowledge 
available to engineers. As new knowledge related to the structure becomes available, the 
predictive estimate will become more refined with an associated reduction in uncertainty. It will
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be clear that a damage or reliability assessment is not only a function of the properties of the 
structure, but also a reflection of the engineer’s knowledge of the structure and the forces and 
influences likely to act on it. Therefore, if a damage or reliability prediction for a particular 
structure is required, the engineer’s uncertainty in the predictive estimation process enters into 
the uncertainty of the assessment.
Statistical Uncertainty
Statistical estimators such as the sample mean and higher moments can be determined from 
available data and then used to suggest an appropriate probability density function and 
associated parameters. Generally the observations of the variable do not represent it perfectly 
and as a result there may be bias in the data as recorded.
Human Factors
The uncertainties, and most importantly the potential errors, resulting from human’s 
involvement in the design, construction, use, etc., of structures may be considered as a separate 
class. In general, human errors can be divided, roughly, into errors due to natural variation in 
task performance and gross errors. The overriding conclusion from the surveys is that human 
error is involved in the majority of cases of recorded failure. Therefore, in principle, human 
error must be considered if a damage or reliability assessment is to relate to reality (Melchers et 
al., 1983; Nowak, 1986). However, it is generally treated separately from the assessment of the 
previous uncertainties, for example through quality control systems.
2.3.4.2 FE Model Updating concerning Uncertainties
FE model updating methods always deal with a structure whose parameters are probabilistic 
variables, so that the structural parameters need to be described by using the random variables. 
The classical statistical FE model updating is based on series expansion (e.g., Taylor expansion, 
perturbation technique, etc.) of mathematical items with respect to the statistical parameters of
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the problem (Elishakoff and Ren 1995).
Perturbation approach is commonly used approach to uncertainty propagation using FE model 
in the literature. ; Liu, Belytschko and Mani (1986), Papadopoulos and Garcia (1998), Xia et al. 
(2002), Xia and Hao (2003), Hua et al. (2007), Khodaparast (2008) etc., which is based on a 
Taylor series expansion of the model updating equation around a known point and then proceeds 
to the approximation to the moments of solutions. Monte Carlos Simulation (MGS) can also be 
added to uncertainty propagation approach. In the framework of MCS, a deterministic problem 
is iteratively solved a number of times, and the random variables are calculated using statistics. 
MCS is often used in the literature as a reference method in order to check the accuracy of other 
approaches (Hua et al. 2007).
Xia and Hao (2003) developed a statistical damage identification algorithm to account for the 
effects of uncertainties in measuring the modal parameters and the analytical modelling error. 
The reason that they developed the methodology considering those errors was that the 
difference between the actual measured modal parameters and the analytical modal parameters 
was unavoidable even without damage after FE model updating. These differences may arise 
from mainly two types of uncertainties. The first type of uncertainty is due to the presence of 
noise in the measurements during dynamic tests. The second type of uncertainty is the 
modelling error which arises from the assumptions and simplification made during modelling 
process. In his methodology, the statistics of updating parameters were derived using a 
perturbation method, and the results were verified by MCS technique. The effect of 
uncertainties in the measured modal frequencies and FE model were considered as normally 
distributed random variables with zero means and given covariance. The probabilities of 
damage existence in the structural elements were then estimated by comparing the distributions 
of updating parameters before and after damage. Numerical and the experimental results
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demonstrated that on the measurement noise has the most impact on the updating parameters.
Haritos (2004) compared statistical pattern recognition approaches and FE model updating for 
damage detection using the observed changes in the patterns of modal parameters. Both 
techniques were successfully applied to detect damage in model RC bridges. Especially, FE 
model updating showed that it could successfully locate and quantify the damage, but it required 
a large amount of high quality data, which requirements could not always be met readily in the 
field. In contrast, although the statistical pattern recognition approach was not able to quantify 
or locate the damage, it was able to clearly indicate that damage had occurred from relatively 
few measurements, so it was a simple and cost efficient way.
Hua et al. (2007) proposed an improved perturbation method for stochastic FE model updating 
for damage assessment. The method was based on the first-order perturbation method and 
sensitivity-based FE model updating. The model updating equation is expanded to estimate the 
first two moments of random structural parameters from the statistics of the measured modal 
parameters. The numerical studies of a truss bridge were presented to verify the proposed 
method under three different types of uncertainties. The results obtained using the proposed 
method are in good agreement with those obtained using the MCS method.
Khodaparast (2008) also presented perturbation methods for the estimation of parameter 
variability in statistical FE model updating. The author developed in two versions of 
perturbation based method. The first version was that the correlation between the updating 
parameters and measured modal data was omitted, so that the results in the procedure required 
only the first-order matrix of sensitivities. Whereas, the second version included this correlation 
that required he second-order sensitivities. From the numerical simulations of three DOFs 
system and a FE pin-jointed truss structure, it is shown that the first method produces results
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that were equally acceptable as those produced by the second version which is the same as 
Hua’s approach (2007).
Xu et al., (2011) developed a new stochastic FE model updating method for damage detection 
that contained two basic steps. The first step was to determine the PDFs of the structural 
parameters before and after damage by integrating the statistical damage detection method with 
the probability density evolution method. The second step was to identify new damage indices 
that included both damage locations and damage severities. A numerical model of a shear 
building structure demonstrated the feasibility and effectiveness of the proposed method when 
uncertainties were taken into account. The results indicated that both damage locations and 
damage severities successfully identified. Interestingly, the proposed method could deal with 
uncertainty parameters of non-normal distributions.
Zhang et al. (2011) developed a probabilistic method to identify damages of the structures with 
uncertainties under unknown input. The probabilistic method was firstly derived from the 
deterministic simultaneous identification that is developed based on the assumption that FE 
model and the measured modal parameters were accurate. From the statistical parameters of the 
identified structural parameters, the probability of identified damage was further derived. The 
proposed method can partially remove the effect of uncertainties on the identification results, for 
the uncertainties are transformed into some probabilistic mathematical statement. Two 
numerical simulations, a twelve-story building and a nine-bay three-dimensional frame structure, 
were analyzed, and the results indicated that the probabilistic simultaneous identification 
method could achieve an accurate damage identification with structural unknown input.
Quaranta (2011) proposed a general method for the FE analysis of linear mechanical systems 
considering Probability Density Functions (PDFs) whose parameters are affected by fuzziness.
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The perturbation-based stochastic FE method was employed in order to incorporate uncertain 
probabilities in static, dynamic and modal analyses. The proposed method showed that it was 
able to consider probabilistic and non-probabilistic sources of uncertainties and imprecision by 
conducting three numerical examples. Numerical applications confirmed that satisfactory results 
can be achieved if the coefficients of variation are less than 0.15-0.20.
2.3.4.3 Bayesian Methods concerning Uncertainties
A Bayesian based probabilistic approach for damage diagnosis was proposed by many 
researchers (Yuen, Au et al. 2004; Stubbs, Park et al.; Sohn and Law 2000; Sohn, Farrar et al. 
2001, Hera and Hou. 2004; Lam et al. 2005; Lam and Ng. 2008).
The concept of Bayesian statistics can be illustrated quite simply for the updating of a 
probability density function (PDF), as in Fig. 2.5. A Bayesian analysis synthesises two sources 
of information about the unknown parameters of interest. The first information is some new data, 
expressed formally by the likelihood function. The second is the prior PDF, which represents 
additional (external) information that is available to the researcher. Then the updated (Posterior) 
PDF is as shown in Fig 2.5. Evidently, if the new data has a lot of scatter, it does not contain 
much information and does little to help in refining the original PDF; conversely, if the new data 
has very little scatter, it is highly ‘informative’ and will have a significant influence (Steven, J . 
W . 2009).
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 D a ta /lik e li h o o d
—— Posterior
0.4 .
Fig. 2.5 Example of Bayesian triplot (Steven, J. W. 2009)
In the framework of Bayesian probabilistic approach, the 6 may represent the model 
parameter. In order to increase understanding about 6 , let there be made several (n) observations
X  =(x1,...,xn). Also, let initial knowledge about 6 be represented by f e (0) , the prior
distribution of 6 , that is, the distribution which represents the information about 6 before any 
observations are made. After the n observations X  =(x],...,xn) have been made, the new
(posterior) distribution f &{6) of 6 given A is as follows; (Ang and Tang, 1975);
(2.49)
where L(6\ X )  is the so-called ‘likelihood’ function and c is the normalizing factor. The
likelihood function L (6 \X ) represents the knowledge gained from the observation X. The
likelihood L(6\ X )  is proportional to the conditional probability of making the observations, 
thus
L(6\x) oc Y \fx \& ix, \°) (2-50)
i= \
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where n is the number of samples (or observations). Once f Q(0) has been updated, it is
possible to obtain the ‘predictive’ (or expected) distribution for X, given that the sampling has 
been done and the probability density function for the parameters 6 has been refined, from
fx{.x)=\fxp(x\e)fê(e)de (2.51)
e
Sohn et al. (2000) proposed a Bayesian probabilistic approach to search for the most probable 
damage event by comparing the relative probabilities for different damage scenarios. A six- 
storey shear frame example and two multi-storey frame examples with multiple damage 
locations were illustrated to show the effectiveness and applicability of the proposed approach. 
The method treats the uncertainties that arise from measurement noise, modelling error, and 
possible non-uniqueness in the problem of detecting damage in a structure.
Yuen, Au et al(2004) proposed a Bayesian probabilistic structural health monitoring (SHM) 
methodology and applied it to the Phase I benchmark study. The benchmark structure was a 
four-storey, two-bay by two-bay steel-frame quarter-scale model structure, and it successfully 
identified not only the location and the severity of damage but also the probability of damage in 
all cases of the benchmark problem. The proposed methodology was a two-stage SHE using 
Bayesian system identification. The first stage was that the identification of most probable 
modal parameters such as modal frequencies, damping ratios, mode shapes, etc., using 
measured structural response from a structure. In the second stage, these modal parameters are 
then used to update the structural model of the system using Bayesian system identification.
Lam et al. (2005) employed a spatial wavelet transform method and the Bayesian approach to 
calculate the posterior PDF of crack parameters. The objective of this method was to estimate 
the location and extent of crack damage. The proposed method firstly conducted transforming 
the displacement responses of the structure using the spatial wavelet method. Then,
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measurement noise and structural parameters uncertainties were considered, and the probability 
densities of different crack locations and extents were calculated using the Bayesian approach. 
From the numerical simulation, the proposed method correctly identified the crack location and 
extent, and furthermore the corresponding uncertainties.
Lam and Ng (2008) extended the idea of the Bayesian approach to form a practical crack 
detection method that was suitable for multiple cracks even when they were obstructed (Lam et 
al. 2008). A comprehensive series of numerical studies which noisy date were generated by a 
Bemoulli-Euler beam with semi-rigid connections verified that the proposed method was able to 
detect multi-crack cases even when the measurement of the undamaged structure, the input 
(excitation) and the measurement at or near the cracks were not available.
2.3 4.4 Other Developed Methods concerning Uncertainties
Nowadays, many authors have carried out a great deal of researches to perform damage 
detection for large and complex structures concerning uncertainties. The representative methods 
among them are Genetic Algorithm (GA), Fuzzy Logic System (FLS), Artificial Neural 
Networks (ANNs), etc.
Chiwiacowsky et al. (2008) proposed a hybrid approach which a statistical scheme of 
minimization of Genetic Algorithm (GA) coupled with the conjugate gradient method and the 
variational method. The numerical simulation for damage estimation of truss structure 
conducted using noiseless and noisy synthetic data, and the damage estimation results were 
satisfactory in both cases. However, the mayor drawback of the application of the hybrid 
approach was that it required a higher CPU time, but the author suggested that this problem 
could be solved through a parallel implementation of the GA.
Chandrashekhar M., and Ganguli R., (2009a) developed a robust fuzzy logic system using the
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probabilistic analysis for damage detection. Probabilistic analysis was performed using MCS to 
calculate statistical properties of the variation in natural frequencies that was contaminated by 
uncertainties in structural properties as well as measurement noise. A numerical simulation of an 
Euler-Bemoulli beam model showed that the proposed method correctly identified the damage 
with an accuracy of about 94% when the beam had material uncertainty with coefficient of 
variation of 3% and noise level of 0.15 in the measurement data. The proposed method also 
accurately identified the undamaged condition in presence of the material uncertainty and 
measurement noise reducing the possibility of false alarms.
Chandrashekhar and Ganguli (2009b) suggested mode shape curvature as a damage indicator, 
and variation in MSC were used for developing and testing a fuzzy logic system. In addition, 
Monte Carlo Simulation (MCS) was used to investigate the changes in the damage indicator due 
to uncertainties in the geometric properties of the beam. Numerical simulation showed that the 
method successfully identifies both single and multiple damages in the structure. For example, 
the proposed method correctly identified damage with an average accuracy of about 95% when 
the Euler-Bemoulli beam model had material uncertainty with coefficient of variation of 1% and 
noise level of 0.1 in the measurement data, and 94% accuracy in the presence of previous 
mentioned uncertainties.
Law and Li (2010) proposed a technique for condition assessment of a bridge structure. The 
mean values and the standard deviations of the uncertain system parameters were obtained and 
subsequently included in the reliability analysis of the structures. A numerical simulation of a 
three-span continuous prestressed concrete bridge superstructure with a passing vehicle was 
conducted including system uncertainties and measurement noise. The passing vehicle served as 
an exciter to the structure and statistical parameters of the structure were obtained with the 
effect of the propagation of uncertainties. The results of the identified statistical parameters
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showed that the technique was able to give an updated set of safety predictions on the bridge 
structure.
Li (2011) developed structural damage localization method using probabilistic neural networks. 
The framework of the proposed method is that; firstly the category to be identified is defined 
according to the structural location, and the number of categories is reduced by grouping 
neighbouring elements to one category; secondly, the state data of damaged structure are 
collected by a data collection system, and are utilized as feature vectors for the probabilistic 
neural network; finally, the smoothing parameter in the probabilistic neural network is studied. 
When this trained network is subjected to the measured response, it should be able to locate 
existing damage. A simple composite plate specimen is employed to apply the proposed method, 
and the results of probabilistic neural networks showed good estimation in detecting single 
damage localization.
The statistical parameters of the structure obtained with effect of the uncertainties in the damage 
assessment process are even included in the reliability analysis to give an updated set of safety 
predictions for a structure (Law and Li, 2010). But many aspects require further research 
including strategies for making decisions about possible damage and determining the 
corresponding probabilities of false alarm and so on.
2.4 Concluding Remarks
As the first and primary objective of this dissertation is to develop the theory necessary for the 
statistical damage identification of structural parameters of FE models using modal flexibility 
matrix, emphases in this literature review are placed on the damage assessment methods based 
on FE model updating among other VBDA methods.
UniS S.Shin
Chapter 2 Theoretical Background and Literature review
From the literature review it became clear that the theory of FE model updating based VBDA 
methods were basically developed on the basis that damage could directly be related to a change 
in structural parameters. In turn, this implies that the changed structural parameters have an 
effect on the modal parameters of the structure. Therefore, investigating the changed modal 
parameters makes it possible to assess damage realted to structural integrity through the 
parameters of FE model.
Secondly, VBDA methods based on the change in the dynamically measured flexibility ( as 
opposed to other modal parameters, such as frequency, mode shape, damping ratio, mode shape 
curvature, etc.) have been emphasised. This is because, in practice, the modal parameters can 
only be measured with few modes and DOFs rather than full scale DOF in a large civil structure 
(Maeck and De Roeck 2003), but the modal flexibility matrix represents well the response of 
the structure even when using one natural frequency and the corresponding mode shape (Li et al. 
2010).
Lastly, despite the high sophistication of FE model based VBDA in deterministic frameworks, 
practical applications often reveal considerable fluctuations of accuracy in damage assessment, 
which may originate from the uncertainties in the measured modal parameters and/or FE 
modelling procedure such as measurement noise, malfunction of measuring equipment, 
simplified assumptions of geometry configuration, inappropriate values of material parameters, 
inaccurate boundary conditions, etc. Therefore, many authors recently have been developing 
damage assessment within a statistical framework and associated probability based 
approaches to tackle the uncertainties in measured modal parameters and FE modelling.
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CHAPTER 3 DEVELOPMENT OF A 
PERTURBATION-BASED STATISTICAL FE 
MODEL UPDATING METHOD
In this chapter, a statistical FE model updating method using the modal flexibility residual error 
for probabilistic damage assessment is presented. In this method, integration of a deterministic 
FE model updating method with a perturbation method (a type of uncertainty-anticipation 
approach) has been proposed to account for approximations and idealisations in both measured 
modal parameters and material properties. The resulting distribution functions of structural 
parameters are of first order accuracy, as a linear Taylor series expansion is employed to 
approximate the non-linear function between structural parameters and the measured modal 
parameters. In addition, the distribution functions of updating parameters will be generally non­
normal even when each of the measured modal parameters conforms to normal distribution. It is 
therefore desired to verify the applicability and accuracy of this approximation by comparing 
with the Monte Carlo Simulation (MSC) method, which is one of the conventional methods 
used in uncertainty modelling and quantification. Finally, the resulting distribution function of 
the updating parameter is used to find the probability of degree of damage rather than to assess
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the absolute percentage change in updating parameters. Numerical studies have been performed 
to validate and illustrate the proposed method, as well as to investigate the applicability of the 
proposed method with respect to multiple locations and different severities of damage in cases 
of limited number of measured modes and DOFs.
3.1 Introduction
On the basis that the material properties of a structure and the measured modal parameters 
(modal frequency, mode shape, modal damping, modal flexibility etc) exhibit uncertainties 
(statistical variation), it is of considerable importance to estimate the statistical properties of 
updating parameters to account for those uncertainties in FE model updating procedures for 
damage assessment. Therefore, the proposed method is formulated on the basis of a 
conventional FE model updating method with a statistical framework. It thus employs 
probability laws and algorithms, aiming at evaluating the effect of uncertainties on the updating 
parameters.
Uncertainties in FE model and the measured modal parameters should be simultaneously 
considered during FE model updating procedure. First of all, it is known that two types of errors 
may cause uncertainties in the measured modal parameters, namely, systematic errors and 
random errors, shown in Fig. 3.1. Systematic errors in measured modal parameters may be 
attributed to the environmental impact, the measurement set-up, equipment errors, etc. 
Theoretically, it is possible to include systematic errors by using non-zero mean values for the 
random variables. However, it is difficult to determine systematic error and corresponding non­
zero mean variables in practice (Xia and Hao 2003). On the other hand, random errors in the 
measured modal parameters may arise from measurement noise. The measurement noise can be 
generally characterised as having a normal distribution with zero mean and variable magnitude
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depending on the experimental equipment, test environment, and data processing techniques 
(Sanayei, Wadia-Fascetti et al. 2001). Considering these points, the proposed method only 
considers random errors in the measured modal parameters.
Uncertainties in measured 
modal parameters and FE 
model
Uncertainties in FE model
Random Error:
Systematic Error:
•  FE model discretization error, 
configuration
boundary conditions error, etc.
•  Errors associated with structural 
material properties, i.e. Young’s 
modulus, bending stiflhess, mass 
density, etc.
error. non-ideal
Random Error;
•  Measurement noise
Uncertainties
parameters
Systematic Error;
•  Environmental impact, the measurement 
set-up, equipment errors, etc.
•  Equipments are wrongly used by the 
experimenter
in measured modal
Fig 3.1 Two sources of the uncertainties in FE model updating
Secondly, uncertainties in FE model may also be caused by random and systematic errors. 
Systematic errors in FE model are generally induced from discretization error, simplified 
assumptions of geometry configuration, non-ideal/inaccurate boundary conditions, etc. As 
discussed above, systematic errors in FE model might not be corrected by FE model updating, 
and might not have zero mean and have different types of distributions (Xia and Hao, 2003). 
Whereas, investigation from literatures reveals that random errors associated with the structural 
material properties, in particular, with El, have zero mean and are usually modelled as normally 
distributed (Low and Hao, 2001). Therefore, the proposed method only considers uncertainties 
in FE model caused by random errors typically associated with the structural material properties.
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Therefore, the proposed method estimates the statistics of chosen updating parameters using the 
conventional FE model updating along with the perturbation based uncertainty-propagation 
approach. It uses the statistics of measured modal parameters and any given distribution 
function of the structural parameter under consideration. The resulting distribution function of 
the updating parameter will generally be a non-normal distribution, even when all of the used 
distributions are normal. It is, therefore, desired to verify the accuracy and applicability of this 
approximation by comparing results from an MCS method. Through MCS, statistical samples of 
the resulting distribution for updating parameter can be generated, which can be used to 
ascertain its type.
Finally, an Asymptotic Gaussian Approximation is used to estimate the probability of the degree 
of damage. Rather than attempting to assess absolute percentage change in updating parameters, 
the approach determines the probability of a degree of damage (as fractional loss) using the 
resulting distribution function of the updating parameters given by the statistical FE model 
updating.
3.2 Theoretical Formulation of the Proposed Method
This section presents a formulation of the proposed method, namely a statistical FE model 
updating using the modal flexibility residual error for probabilistic damage assessment. Fig 3.2 
illustrates a flowchart of the proposed method that relates vibration tests and modal parameter 
extraction with statistical FE model updating in the framework of probabilistic damage 
assessment.
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Analytical FE Modelling;
FE Analysis
Analytical Modal Parameter;
Vibration Test
Modal parameter extraction
Measured Modal Parameter;
Deriving Modal Flexibility Residual 
Error;
Verification
z > z > z
Deterministic FE model Perturbation based Statistical Monte Carlo
updating;
>
FE model updating
V J
Simulation
y
1r r
Deterministic Damage Assessment;
•  Updated parameter values
•  Damage is expressed as a 
absolute percentage change in 
updating parameters
Probabilistic Damage Assessment;
•  Updated parameter 
distributions
•  Probability that a degree of 
damage (as fractional loss) is 
present
Fig 3.2 Flowchart of the Proposed Method
One of the main features of the formulation is based on the deterministic FE model updating 
using the modal flexibility residual error that defines updating parameters by the iterative linear- 
square optimization approach. Then, using the iteratively defined updating parameters, the 
means and the covariance of the updating parameters are explicitly expressed in terms of the 
statistics using the perturbation method. Finally, the approach allows one to obtain not only a
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absolute percentage change in updating parameters but also the probability of the degree of 
damage in updating parameters.
3.2.1 Deterministic FE Model Updating using Modal Flexibility Residual 
Error
In a deterministic FE model updating method using modal flexibility residual error, 
identification of the updating parameters, is firstly formulated in an optimization problem where 
the updating parameters are sought to minimize the residual error between the measured and 
analytical modal flexibility matrices. The objective function in the optimization problem is 
defined as
minfl[G({a»]| (3.1)
where {a} is a vector of updating parameters which are the uncertain physical properties of 
the numerical model, and [G({ a })] is the modal flexibility residual error given by the 
expression
m a } ) ]  = [Gm,]-[Gm,]a (3.2)
where [Gmn] is the measured modal flexibility matrix at the measured DOFs, as defined in 
section 2.2.2. Similarly, \Gmn\a is the analytical modal flexibility estimated using the analytical 
eigenvalue and eigenvector matrices that are partitioned accordingly so as to correspond with 
the measured DOFs. For the sake of clarity, [Gmn] will be referred to as \G\M and [Gm„]a will be 
[G].
Basically, two approaches for the solution of Eq. (3.1) are available, namely a linear and a non­
linear approach. In the proposed method, the iterative linear-square optimization approach,
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categorized as a non-linear solution, is used to minimize the objective function. This is also 
referred to as the Gauss-Newton method (Dahlquist, G. and Bjorck., 1974). The procedure of 
the deterministic FE model updating is illustrated in Fig. 3.3.
FE Analysis
Modal Analysis
Experimental flexibility 
data
iM
Convergence?
Measurement of Vibration Data
Initialization; 
Initial value [a}°; k=0
Computation of numerical 
modal flexibility;
[G] of Eq. (3.2)
Minimisation step;
Updated values 
{Aa}k of Eq. (3.6)
Result
Identified UPs (a}k ofEq.(3.8)
Evaluation of objective function 
and Sensitivity matrix;
J of Eq. (3.3)
[SJ of Eq. (3.5)
Fig 3.3 Flowchart of the Deterministic FE model updating method
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First, the objective function to be minimized is defined as the squared differences as
•/ = k GL - [ c ] ) 2 4 r G ( M ) ] 2 4 t e } r te> (3.3)
where {g} is a column vector containing the unique entries of the symmetric matrix [G({<%})] of 
Eq. (3.2), meaning a column vector formed by summing each row of the matrix. Secondly, a 
linear approximation is employed to write
estimates. The sensitivity matrix is found by taking the partial derivative of Eq. (2.2) with 
respect to Oij (Jaishi and Ren 2006)
where a  j is the yth updating parameter. The unique entries of [5]y form the yth column of [5]. 
From Eq. (3.5), it can be recognized that the first-order derivatives of eigenvalues and 
eigenvectors with respect to cr have to be evaluated to calculate the sensitivity matrix [5]j.
The procedure of deriving the first order derivatives of eigenvalues and eigenvectors is 
explained in Appendix A.
{g}‘ = {g}1"' + ^ 4 { A a } i = {g}*-' +[S]i-,{Aa}i 
d{a) (3.4)
where [S]*"7 is the sensitivity matrix, evaluated at the preceding (k-1) updating parameter
dccj dccj
(3.5)
[ O f + [ 0 ] [ A ]
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The refinement to the updating parameter estimate, {Act:}, is then obtained by setting Eq. (3.4) 
to zero which yields
{Aa}6 = [,?r-t -, {g}i-1 (3.6)
where [S]+ is the pseudo-inverse matrix of sensitivity matrix, given as
[ST1 for p — q,
[ S r - t t W i n s f  forp < q, (3.7)
[ S f m i s f y *  for p )q .
where p  is the number of measured DOFs for each mode and q is the number of updating
parameters, respectively. Depending on p  and q, the rank of [5']+ is determined. Ifp  is equal to
or larger than (or smaller than) q, the equation can be said as determined or under-determined
(or over-determined), respectively. In any case, {Aa}* can be solved using pseudo-inverse
technique (Horn and Johnson 1992). In most FE model updating cases, q is larger than p, so that 
solution to an under-determined problem is required.
Finally, the solution for updating parameters at the Mi iteration step is obtained as
{ o f  ={a}k~l + { K a f  (3.8)
This process is repeated until the updating parameter estimates converge. As the linear
expansion in Eq. (3.6) is used to approximate the non-linear function between structural
parameters and the measured modal parameters, convergence is determined by how accurately 
the linear expansion represents the non-linear function.
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3.2.2 Statistical FE Model Updating using Modal Flexibility Residual Error
When the random errors in the measured modal flexibility and updating parameters are taken 
into consideration, the FE model updating becomes more complex since the estimated updating 
parameters at each iteration step will be random. Hence, the sensitivity matrix will also become 
random. As discussed above, random errors associated with updating parameters and the 
measured modal flexibility, are considered, assuming normally distributed random variables 
with zero means and given covariance in the procedure. In order to account for those 
uncertainties, the measured modal flexibility and updating parameters are expressed through a 
deterministic part and a random part, i.e. (Hua et al. 2007)
GiM = GiM ^ + X Gi) (where Gi = l,2 ,...,r)  (3.9)
(Xj = â j (\ + X aj) (where a :/ = l,2 ,...,g ) (3.10)
where r is the number of all elements of the flexibility matrix; q is the number of updating
parameters; Gi mtl is the mean of the fth element of the measured modal flexibility matrix and
X Gi refers to a random variable, representing the uncertainties in the fth element of the measured
modal flexibility matrix due to measurement noise only; and cij is the mean of the yth updating
parameter and Xa] refers to a random variable, representing the uncertainties in the yth updating 
parameter, due to random errors associated with the updating parameter. For simplicity, X Gi 
and Xaj are written together as Xt , where i = 1,2,..., r, r+1,..., r+q.
The perturbation method, as one of the uncertainty-propagation methods, is employed in order 
to integrate the uncertainties in the measured modal flexibility and updating parameters into the 
FE model updating procedure. Each term in Eq.(3.6) can be approximately expanded as the
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first-order Taylor series expansion in terms of Xt around the mean value point using the 
perturbation technique (Xia 2003)
{&a}‘ ={&S}1 +
i=l
[S]‘-'=[S]*-'+£ ^ p j s r ,
»=1
7=1
(3.11)
(3.12)
(3.13)
Substituting Eq.(3.11)-(3.13) into Eq.(3.6), and comparing the zeroth-order and first-order terms 
of Xj leads to two recursive systems of deterministic equations, (Xia and Hao 2003). Using 
Layton’s method (1992), it is shown that the partial derivative of the inverse of a matrix A may
be written as — — = —A~l A -1 . Therefore, the following equation can be derived;
d a da,
3{Ag}‘ = [ ? r ‘-1 d[Sf-1
(3.14)
(3.15)
or d{£sa}k = [SY
d{Acc}k
{A^}'
=[SV
a2{g>i-1 d2[ S f - \ A^ k ^d[S]k~l {Aaÿ^{A âr-2-
j y
(3.16)
or a2{Aa}*
a%,a%, =[s y
\ d2[G]M d2[G]k-1} 2 d[S]k~l {Aâ}k ^
[ a ^ ,^  aY,a%, j a%,a^ a%, a^
j y
where d[G]M/ôXj is found by taking the derivatives of Eq. (3.9) with respect to Xj (when 
1=1,2,..,r), assuming that [G]M and the random part Xt of the updating parameters (when i =r+l,
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r+2,..., r+q) are statistically independent, thus giving
d[Gl
air.
[G]m, when/ = l,2,...,r
[0], when i = r+l ,r+2, . . . ,r+q
(3.17)
The partial derivatives of [Gf 1 and [Sf 1 with respect to Xf at each iteration step are evaluated 
by means of the chain rule of differentiation, as
d[C?f-1 +  d[G]k~l da)~X
a^, ^  a^;-' a^, ^
where the initial estimate of d[Gf/da° (the first iteration, Jc=l) is given by Eq. (3.5) and the 
initial estimate of d[Sf /d a 0j can be derived by differentiating Eq. (3.5) with respect to a  j (Hua, 
Ni et al. 2007) as
i-i d[A] .  . d[®]T l rAirA 1_ 1 a2[A] _ . (3'20)-2[o][Ar‘ ^ [ A r  ^ ^ -^ [o ][A r  ^ L [A r [or )dccj dccj 2 dccj
The procedure for obtaining the second-order partial derivatives of [A] and [<D] with respect 
to a j are explained in Appendix B.
Finally, the derivatives of the updating parameters at the Mi iteration step are giving by
d{a}k d{a}° ' Q djAaY
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The initial estimate of {a}0 coming from the FE model and the random part Xt coming from
the measured modal flexibility are statistically independent when / = 1,2,..., m, and the first term 
in the right-hand side of Eq. (3.21) becomes zero, whereas da* jdXi becomes the mean value of
updating parameter by differentiating Eq. (3.10) with respect to Xi when z'=r+7, r+2,..., r+q, 
(Hua, Ni et al. 2007);
= 0, where i = l,2 ,...,r
_
~^~ = ocj ’ where / = r  + l ,r  +  2 ,...,r  + q
(3.22)
The mean of changed updating parameters, {Aâ}* ,can be readily obtained from Eq. (3.14), and 
the first-order derivatives of changed updating parameters, 8{Aa}k /dXi , can be sequentially 
solved by substituting the obtained {Aâ}* along with Eq. (3.17)-(3.19) into Eq. (3.15). The 
computation of ô{Aa}k /dXi , which is the (q x (r  + q)) dimensional matrix, is (Liu 1995).
8{Aa}k
6Aaf 8A ak 8A a\
" ^
6 A ^ 8A ak a a  a 2
a%.
a K aAorJ aA of
a r , "
(3.23)
which is the another form of Eq. (3.15)
In practice, the first two moments, namely the mean and the variance of a random variable are 
often of interest in probabilistic analysis. Thus, taking the expected values of both sides of Eq.
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(3.3) gives the means of updating parameters at the kXh iteration step, as Eq. (3.8)
The covariance matrix of updating parameter at the Mi iteration step is then obtained with the 
help of (Xia and Hao 2003),
[Cov(aM,a M) ] = [Cov(at ,a*) ]+{Cov(a\ Aa') ]k Æk A
+[Cov{&ah,a k) ]+[Cov(Aak, Aak) ]k A
(3.24)
Where
[Cov(ak ,a k) ] = x[C0V(^^)](r+,)x(r+g)X
q*(r+ q)
a w ' (3.25)
(r+ q)xq
[C o v ({ A c r} \{ A ^ )] = ô{Aa}k x[Cov(XJO]x d{Aa}k (3.26)
[Cov(ct\Aa*)] = a W x[Cov(X^f)]x ô{Aa}k (3.27)
[Cov(Aak ,a k) ] =
ô{Aa}k x\Cov(XJC)]x ô{Aa}h (3.28)
where the covariance matrix of random variables is
[Cov(X^)] =
Var(%,) C ov(% ^J . . . C o v ( ^ ^ )
Cov(X2X \) Var(Z2) ... Cov(X2X r+q)
C o v ( ^ ^ )  C o v ( ^ ^ )  ... V a r ( ^ )
(3.29)
From the above procedure, it can be shown that the means and covariance of the updating 
parameters at each iteration step are related to the statistics of the measured modal flexibility
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and updating parameters. The first-order accuracy as a linear Taylor series expansion is 
employed to approximate the non-linear function between the updating parameters and the 
modal flexibility. The updating parameters shall be affected through the correlation of 
uncertainties in the measured modal flexibility and updating parameters.
In summary, the method proposed in this thesis follows the approach of Xia and Hao (2003) and 
Hua et al. (2007). Compared with the existing perturbation method, the present method 
introduces the iterative perturbation method with the modal flexibility for damage assessment in 
the framework of statistics and probability. In other words, the existing perturbation method by 
Xia and Hao was based on the least linear squares solution explained in Eq. (2.45) which 
neglects the non-linear effects on the updated result. The present study employs an iterative 
least-squares solution that progressively refines the linear least squares solution thus 
approximating the non-linear function which relates the updating parameters with the modal 
flexibility. Therefore, the proposed method is exact in the sense of the first-order perturbation 
and minimizes the nonlinear effect in the least linear squares solution. It is also worth noting 
that, in order to achieve more accurate damage assessment, the proposed method utilises the 
modal flexibility rather than the basic modal parameters which were the damage indicators in 
the methodology of Xia and Hao (2003) and Hua et al. (2007)..
3.2.3 Probabilistic Damage Assessment Using Statistical FE Model 
Updating
An Asymptotic Gaussian Approximation is employed to construct a PDF for the updating 
parameters using the results of updating parameters from the statistical FE model updating. 
Rather than attempting to assess absolute percentage change in updating parameters, the
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approach determines the probability of degree of damage (Vanik, Beck et al. 2000).
The framework is that conditional PDFs of the yth updating parameter are interpreted as 
measures of the plausibility of the updating parameters values, given measured modal flexibility. 
Bayes’ theorem is employed to derive the conditional PDFs of updating parameters given the
measured modal flexibility data, D , from (Vanik, Beck et al. 2000)
P tf/ '\D )  = J p (a j+1 |D)rfaf1 (3.30)
However, if the distribution of updating parameter of the possibly damaged structure is not
defined, the integral in Eq. (3.30) usually cannot be evaluated. In this case, the approximation 
using Laplace’s method for asymptotic expansion can be used (Beck and Katafygiotis 1998; 
Katafygiotis, Papadimitriou et al. 1998; Vanik, Beck et al. 2000; Papadimitriou, Beck et al. 
2001);
P(aj+11£>) «  0 (3.31)
where 0  is the standard Gaussian distribution function and /z(ay.)and a  f a  ) are the mean and 
standard deviation of damaged updating parameters.
Now, the probability that the fth updating parameter in a possibly damaged state has been 
reduced by more than c/,% from the damaged state can be defined as (Vanik, Beck et al, 2000)
p f ( d J) = P ( a j* '< ( l - d J)a J l3 r , u £ r ’ ) (3.32)
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where dj €[0,1] is the damage threshold for the yth updating parameter; a superscript ud, and 
dm implies that the quantity corresponds to the undamaged and damaged state, respectively; and 
P(f m is the probabilistic damage measure of yth updating parameter. Using the Asymptotic
Gaussian approximations for the marginal distribution, Pf" is approximated by
2
J
(3.33)
Rather than changes in the updating parameters obtained from the deterministic FE model 
updating (iteratively linear-square method), changes m.P(*m are suitable indicator of damage, as
it gives a threshold of probability of degree of damage in terms of local loss of updating 
parameter.
3.3 Application to a Cantilever Beam
3.3.1 Analytical Models of the Cantilever Beam
This section presents numerical simulations of a cantilever beam (shown in Fig. 3.4) to illustrate 
and verify the proposed statistical FE model updating using modal flexibility residual errors for 
probabilistic damage assessment. The effects of random errors in measured modal flexibility 
and structural parameters in cases of incomplete measured data (limited number measured 
modes and DOFs), multiple locations and different severity of damage are considered.
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L (0.9m) b(0.05m)
Fig 3.4 FE model of the cantilever beam and cross-sectional dimensions
Two analytical models of a cantilever beam are used to demonstrate the proposed method. The 
first is an FE model which is used to represent the undamaged state of the cantilever beam, and 
the second provides the simulated experimental modal parameters. Both models are constructed 
using the same discretisation topology, consisting of nine beam elements and ten nodes. The 
Euler-Bemoulli Element Beam model is employed, neglecting any axial deformation, as shown 
in Fig 3.5. Each node of any beam element has one translational DOF and one rotational DOF. 
The DOFs at the left end are constrained in both translation and rotation. Therefore, both 
models have a total of 18 free DOFs.
Mi M2
O ----------ip
< ►
Vi L v 2 
Fig 3.5 Euler-Bernoulli Element Beam Model
The system stiffness and mass matrix is assembled from the element stiffness and mass matrices.
The geometric and material properties used in the undamaged FE model are given in Table 3.1.
Parameter Value
Length (/) 0.9m
Width (b) 0.05075 m
Thickness {t ) 0.006 m
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Young’s Modulus (E ) 2.0x 1011 N /m 2
Second Moment of Area (/ ) 9.135X K T10 7?z4
Density { p ) 7.67X 103 k g /7W3
Table3.1 Geometric and Material Properties for the Cantilever Beam
The flexural stiffness, El, in each element is chosen as an updating parameter, Of,. Table 3.2
contains three sets of updating parameters: the first set is used for the initial FE model (IM), the 
second set is used for the undamaged FE model (UM), and the last set is used for the damaged
FE model (DM). It can be seen in Table 3.2 that the Of, of IM are assumed as 1.1 times the Of, 
of UM, and the Of, of DM is assumed that there is a 20% artificial reduction at Of5 in DM
comparing with UM
| Initial value ( Nmz ) Undamaged value ( Nm1 ) Damaged value ( Nm1 )
2.009X102 1.827X102 1.827X10*
a . 2.009X102 1.827X102 1.827X102
Of, 2.009X102 1.827X102 1.827X102
2.009X102 1.827X102 1.827X102
r 2.009X102 1.827X10* 1.462XI02 :
2.009X102 1.827X102 1.827X102
a 7 2.009X102 1.827X102 1.827X102
2.009X102 1.827X102 1.827X102
a , 2.009X102 1.827X102 | 1.827X102
Table 3.2 Undamaged and Damaged updating parameters of the Cantilever Beam
The reason for developing the three FE models for this numerical example is to apply the 
proposed method into a two-stage process as illustrated in Fig 3.6; firstly, FE model 
improvement (or model tuning) and secondly, damage assessment. In the first-stage, i.e. model 
improvement, the IM is tuned to obtain a statistical UM using the measured vibration data from 
UM. Then, in the second-stage, i.e. damage assessment, the statistical UM is updated to obtain a
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statistical DM using the measured vibration data from the DM. The damage is assessed by 
comparing the differences between UM and DM (the reduction of the flexural stiffiiess).
Updating Updating
2nd stage:1st stage:
Statistical IM Statistical UM Statistical DM
Measured vibration data 
from DM
Measured vibration data 
from UM
Model tuning Damage assessment
Fig 3.6 Updating Statistical FE models
3.3.2 Deterministic Approach to Damage Assessment
For the simulation of deterministic damage assessment, it is assumed that perfect measurement, 
i.e. noise free, are available at all eighteen DOF. In addition, it is assumed that the FE model is 
perfect and that all errors are due to incorrect updating parameter values.
The first six natural frequencies of three FE models are tabulated in Table 3.3, and 
corresponding mode shapes are shown in Fig. 3.7. It can be seen that there are relatively small 
differences of the first six natural frequencies between UM and DM, although there is 20% 
stiffness reduction at the Element 5. However, it is apparent that natural frequencies of mode 2, 
4, and 6 between UM and DM show higher changes than other modes. This is because the 
damage in element 5 introduces relatively big impact on those modes. With respect to mode 
shapes, there is no apparent difference in mode shapes among the three models as seen in Fig. 
3.7.
Model | Natural Frequency (Hz)
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Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
IM 6.41 40.14 112.44 220.56 365.44 548.18
UM 6.11 38.27 107.20 210.30 348.44 522.67
DM 6.07 37.27 107.02 205.59 346.67 513.30
Table 3.3 Natural frequencies of undamaged and damaged model
Mode 2Model0.0 2.0
1.0-0.5
0.0
- 1.0
1.0UM
DM-1.5 - 2.0
IM Mode 3
2.0
1.0
0.0
- 1.0
-2.0
Mode 4
-* -ÏM
.M..UM
—♦ —dm /  y
C P s â / 3  4 5 e S r, 8 9
Mode 5 Mode 6
1.0 2.0UM
UM
DM 1.00.0
0.0
-1.0
1.0
-2.0 -2.0
Fig 3.7 Mode Shapes of undamaged and damaged model
Table 3.4 tabulated the results of deterministic approach for FE model based damage assessment, 
when the first six modes are used to form the measured flexibility matrix. The results show that 
the method give exact severity as well as the location of damage when the measured flexibility 
matrix is exact and the FE model is perfect.
Initial value Updated value
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«1 2.009X102 1.827X102
*2 2.009X102 1.827X102
*3 2.009X102 1.827X102
2.009X102 1.827X102
*5 2.009X102 1.462X102
*6 2.009X102 1.827X102
a 7 2.009X102 1.827X102
«8 2.009X102 1.827X102
a 9 2.009X102 1.827X102
Table 3.4 Updated values from deterministic approach for FE model based damage
assessment
In the following section, the deterministic approach for damage assessment is extended to 
probabilistic approach, and the effects of random errors in updating parameters and the 
measured flexibility, modal and spatial incompleteness are investigated.
3.3.3 Probabilistic Approach to Damage Assessment
For the first-stage (model tuning), the random errors in both updating parameters and the 
measured flexibility are arbitrarily assumed, and a statistical UM is derived by considering 
random errors in updating parameters and in the measured modal flexibility. The results are 
verified by using MCS. The random errors in updating parameters and in the measured modal 
flexibility are assumed to be normally distributed random variables.
For the second-stage (probabilistic damage assessment), the obtained statistical UM is updated 
to derive a statistical FE model corresponding to the DM. Then, the probability of the degree of 
damage can be estimated by using the statistical UM and DM. In this phase, sensitivity studies 
are conducted to investigate the effect of random errors in updating parameters and the 
measured modal flexibility by varying the level of random errors in FE model and the modal
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flexibility, namely:
(i) Varying the level of random errors in FE model of UM,
(ii) Varying the level of random errors in the modal flexibility of DM,
(iii) Varying both of the above simultaneously.
Through the sensitivity studies, the type of random errors that has more significant influence on
the obtained updating parameters is revealed.
In addition, applicability of the proposed method is investigated in cases of incomplete 
information of the modal parameters, and varying damage amount and locations, namely:
(iv) Incomplete information of measured modal parameters
(v) Multiple locations and different severities of damage
From the above numerical simulations, it is possible to indicate how reliable the proposed 
method is in view of random errors in FE model and in the modal flexibility with respect to 
multiple locations and different severities of damage when incomplete information of modal 
parameters are available.
3.3.3.1 Stage-1: Statistical FE model tuning and Verification using MCS
In the first-stage, the proposed method is applied to obtain the statistical UM considering 
uncertainties due to random errors in updating parameters and the measured modal flexibility. In 
addition, the obtained statistical UM are verified using the MCS.
Normally distributed random errors with zero mean are added to the updating parameters of IM
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and the measured modal flexibility, which are arbitrarily assumed, to derive the statistical UM. 
Assuming that the random errors are independent of each other, the ‘error’ level in both IM and 
the measured modal flexibility is set to 1%, which means that the standard deviation of each 
random variables is set equal to 1% of the mean value. Consequently, the covariance matrix of 
the Xt in Eq. (3.9-10) becomes a diagonal matrix as follows:
fO for i ^  j )
C ovÇ X^Xj) = | ( i  %)2 \  (3-23)
where Xt are written together with X Gi and Xaj.
Mean values and COY (ratio of the standard deviation to the mean) of updating parameters of 
UM are computed using the proposed method and presented in Table 3.5. To verify the results, 
MCS is also applied and the results after 10,000 simulations are also shown in Table 3.5. In the 
MCS method, 10,000 samples of noise-corrupted modal flexibilities are generated following the 
uncertainty model of measurement noise, i.e. 1% COY of the measured modal flexibility.
Table 3.5 shows that both methods produce very similar results along with acceptable estimation 
of COY, indicating that the results of the proposed method are reliable. It is also worth noting 
that output uncertainties are almost identical to input uncertainties, i.e. close to 1%, 
demonstrating that the small uncertainties in FE model and the measured flexibility are small 
for this numerical simulation.
Element
No.
Assumed statistical UM
Updated Statistical UM using 
the proposed method
Statistical UM using MCS
Mean COY Mean COY Mean COY
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1 1.827X102 0.01 1.827X102 0.0094 1.818X102 0.012
2 1.827X102 0.01 1.827X102 0.0094 1.841X102 0.014
3 1.827X102 0.01 1.827X102 0.0094 1.808X102 0.013
4 1.827X102 0.01 1.827X102 0.0094 1.801X102 0.014
5 1.827X102 0.01 1.827X102 0.0094 1.831X102 0.013
6 1.827X102 0.01 1.827X102 0.0095 1.781X102 0.012
7 1.827X102 0.01 1.826X102 0.0095 1.787X102 0.013
8 1.827X102 0.01 1.828X102 0.0096 1.801X102 0.013
9 1.827X102 0.01 1.831X102 0.010 1.796X102 0.014
Table 3.5 Comparison of MCS method with the statistical FE model updating method
In addition, Fig 3.8 shows examples that the observed PDFs of element 1, 5 and 9 of the 
statistical UM conform well to the normal distribution, which is corroborated at 95% confidence 
level through goodness-of-fit test. It was expected that the PDF of updating parameter of the 
statistical UM would be non-normal even though the input PDFs are assumed as normal due to 
the non-linear relationship between the updating parameters and the modal flexibility. However, 
the MCS results indicate that resulting distribution from the updating parameters of the 
statistical UM has normal type characteristics. Therefore, the asymptotic Gaussian 
approximation will be employed for probabilistic damage assessment using the obtained 
statistical UM. The distribution of the updating parameters in UM are also found to follow a 
normal distributions by MCS
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I Observation distribution 
Fitted normal distribution
[Observation distributiondatal 
Fitted normal distirbution
(a) Element 1 (b) Element 5
[Observation distribution 
Fitted normal distribution
(c) Element 9
Fig 3.8 PDFs of 1st, 5th and 9th updating parameter for UM using MCS with 1% random 
noise in FE model and measured flexibility
3.3.3.2 Stage-2, Probabilistic Damage Assessment and Sensitivity Analysis
In the second-stage (probabilistic damage assessment), the statistical UM is updated to derive a 
statistical FE model corresponding to the DM. Then, the probability of the degree of damage 
can be estimated by using the statistical UM and DM. In this phase, sensitivity studies are 
conducted to investigate the effect of random errors in updating parameters and the measured 
modal flexibility by varying the level of random errors in FE model and the modal flexibility.
Sensitivity Analysis: i) Effect o f random error in FE model
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To investigate the effects of random error in FE model on the proposed method, three cases of 
different level of random errors in UM are conducted rather than using the obtained statistical 
UM; 1, 5, and 10% of the normally distributed random errors with zero mean are added to the 
corresponding mean value of updating parameters of UM for each case. 1% of the normally 
distributed random errors with zero mean is added to the modal flexibility of DM for each case, 
which is 1% Gaussian uncorrelated random noise exists in each component of the modal 
flexibility. Consequently, assuming the random errors in FE model and the modal flexibility are 
independent of each other, the covariance matrix (Cov) of random errors for each case is given 
by;
fO for / ^  /,
w , ^ ) = (1% )2fori. = .
i) Case 1 (base case):
fO for / ^  y,
c ^ c, x Gj> | ( i % ) 2 f o r ; = .
0 for i *  y,
(5%)2 for/ = y 
0 for / ^  y,
ii) Case 2:
Cov(Xal,X aJ) ^  2 for . = j
%) 2 for i = j
iii) Case 3:
Cov{XGiiX Gj) —
fO for i ^ y,
COv(X“' ’X“y) - | ( 10%) 2 for / = j
fO for / ^  y,
C o v ( X oi, X C]) =  | (1%) 2 £or . _  j
where X ai and X Gi are the random noises in the updating parameters of UM and the modal 
flexibility of DM. In addition, case 1 is the base case considered all sensitivity studies.
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For the sake of comparison and presentation, the mean reduction factor (MRF) rather than the 
mean value of the updating parameters is calculated by dividing the updated mean value with 
the mean value of the UM. The obtained COV indicates how reliable the results are in view of 
random errors.
MRF and COV of the updating parameters for cases 1, 2, and 3 are illustrated in Fig. 3.9. If a 5% 
change in updating parameters compared with the mean value of UM is defined as damage, 
there are a few false-positive damage indications (i.e. indicating damage when in fact damage 
does not exist) for cases 2 and 3. The CO Vs of updating parameters are significantly different in 
magnitude for different cases, ranging from 1% in case 1 to 17% in case 3. Small COV of 
updating parameters in cases 1 and 2 assure that the updating parameter is estimated with good 
accuracy in the presence of random errors in FE model, while larger ones, especially in case 3, 
indicate that the obtained updating parameters for DM could be overshadowed by large random 
errors in FE model of UM.
0.25 0.20 ■ case 1■ case 1
£ase 20.20 case 2 0.15
:ase 3■ case 3
0.15
0.10
0.10
0.05
0.05
0.000.00
(b) COVa) MRF
Fig 3.9 MRF and COV of updating parameter for DM with varying level of random error
in FE model
For the purpose of probabilistic damage assessment, the probability of the degree of the damage
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of zth elementPf™ with certain damage fraction of d is computed using Eq. (3.33) instead of
comparing the absolute percentage change in updating parameters between UM and DM, which 
does not fully treat the uncertainty involved. The results are shown in Fig 3.10 for all cases. 
Both the location and severity of the damage are successfully predicted for cases 1 and 2. 
Location and severity of the actual damage for case 3 is not clearly identified.
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Fig 3.10 Probability of degree of damage considering random errors in FE model
It may be concluded that the proposed method is robust and accurate in the presence of low 
random errors in the FE model, as demonstrated in case 1 and 2. However, it may lead to bias 
when high random errors in FE model (case 3) are considered. These observations demonstrate 
that the statistical FE model obtained by the proposed method is highly affected by random 
errors in FE model, so that it is a serious issue with respect to FE modelling for the proposed 
method.
Sensitivity Analysis : ii) E ffect o f  Random Error in Measured Modal Flexibility
This section presents results from numerical simulation to study the effects of random errors in
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modal flexibility on the proposed method. The obtained mean value and COY of updating
parameter indicates that how reliable the proposed method results are in view of random errors
in modal flexibility.
Assuming, three cases of different level of random errors in the modal flexibility measured from 
DM, the normally distributed random error with zero mean is added to the modal flexibility; 1, 
5, and 10% of the corresponding mean value of the modal flexibility for each case. Without loss 
of generality, the normally distributed random errors with zero mean are added to the updating 
parameters of UM with the 1% random error level for each case. Consequently, assuming that 
the random errors in FE model and measured flexibility are independent of each other, the 
covariance matrix of random errors becomes as follows;
i) Case 1 (base case):
ii) Case 2:
iii) Case 3:
Cov(XM,X aJ)
Cov(XGi, X Gj. ) —
0 for / ^  j ,  
(10%) 2 f o r / -  j
where X ai and X Gi are the relative random noises in the updating parameters and the
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measured modal flexibility.
The MRF and the COY of the identified updating parameters in case 1, 2, and 3 are illustrated in 
Fig.3.11. If more than 5% changes in updating parameters are defined as damage, it fails to 
identify the location and severity of the damage for cases 2 and 3, giving some false positive 
damage indications. For example, the undamaged element 2, 4, and 6 are associated with high 
MRF in case 2, implying false positive damage indication. Furthermore, it is seen that almost all 
elements are indicated as false-positive damage for case 3. Large value of COY indicates that 
the result of the statistical FE model updating could be vague due to the random error in the 
modal flexibility of DM for cases 2 and3. These observations indicate that the confidence of the 
proposed method would be decreased when the level of random error in the modal flexibility 
increase.
0.25 0.25 ■ case 1 
case 2
■ case 1 
case 20.20 0.20□ case 3 □ case 3
0.15 0.15
0.10 0.10
0.05 0.05
0.00 0.00
(a)MRF (b) COV
Fig 3.11 MRF and COV of updating parameter for DM with varying level of random error
in Measured flexibility
As stated before, the probability of the degree of the damage is computed using Eq. (3.33) 
instead of comparing the absolute percentage change in updating parameters between UM and
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DM. The results shown in Fig 3.12 for cases 2 indicate that both the location and severity of the 
damage are successfully estimated, though MRF shown in Fig. 3.8 indicates some false-positive 
damage identifications. With respect to case 3, undamaged elements are also shown low 
probability of the degree of the damage with high damage fraction, implying a reduction of 
robustness in presence of high random errors in modal flexibility.
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Fig 3.12 Probability of degree of damage considering random errors in the Measured
Flexibility
In conclusion, the proposed method with high random error in modal flexibility may lead to bias, 
as demonstrated in case 3, but the proposed method with low random error in modal flexibility 
may lead to acceptable results, as demonstrated in case 2. Thus, it is important to choose modal 
parameters whose effects are substantial on robustness and precision of the proposed method.
Sensitivity Analysis: iii) Combined Effect o f  Random Errors in FE Model and  
Measured Modal Parameters
This section presents results from numerical simulation conducted to study the combined effects
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of random errors in UM and the modal flexibility measured from DM on the proposed method. 
The obtained mean value and COV of updating parameter for DM indicates that how reliable 
the proposed method results are in view of random errors in FE model and the modal flexibility.
Normally distributed random errors with zero means are added to the updating parameters of 
UM and the modal flexibility measured from DM. In this regards, three cases are conducted, as 
the level of random errors in FE model and modal flexibility are set to be 1,5 and 10% of the 
corresponding true quantity (mean value) of the updating parameter of UM and the modal 
flexibility of DM, respectively.
Results in Fig 3.13 show that the damaged element can be identified all these cases in terms of 
location, but there is bias in the level of damage in cases 2 and 3. For example, the undamaged 
elements 1, 2, 4, 7, and 9 are associated with high MRF in case 2, implying false positive
i) Case 1 (base case):
ii) Case 2:
Cov(Xai, X aj) -
0 for / ^  j ,  
(10%) 2 for i = j
iii) Case 3:
damage indications. It is seen that almost all elements are indicated as false-positive damage for
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case 3. Furthermore, larger value of COV indicates that the identification results could be totally 
overshadowed by random errors in FE model and the modal flexibility, implying a reduction of 
robustness and accuracy in the obtained statistical FE model for DM.
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Figure 3.13 MRF and COV of updating parameter for DM with varying level of random 
errors in FE model and the modal flexibility
Using the statistical DM, it is reasonable to conduct damage assessment in terms of probabilistic 
approach. The probability of the degree of the damage is computed using Eq. (3.33) for the 
purpose of probabilistic damage assessment. Fig 3.14 shows that both the damage location and 
severity are unsuccessfully predicted for cases 2 and 3, as there is relatively high probability of 
the degree of the damage against low damage fraction in several elements, implying the 
confidence of the proposed method is reduced when high uncertainty in both FE model and 
measured modal flexibility are expected.
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Fig 3.14 Probability of degree of damage considering random errors in FE model and the
modal flexibility
Therefore, from above observations, it may be concluded that false-positive damage indications 
are easily introduced when high uncertainties in FE model and the modal flexibility is expected.
3.3.3.3 Stage-2: Probabilistic Damage Assessment and Applicability Studies
Applicability Analysis: i) Effect o f the limited Number o f Measured Modes 
As the modal flexibility residual is the objective function of the proposed method, it is 
importance to investigate the effect of the number of modes and DOFs by varying the number of 
measurable modes and DOFs. This is if the more measured modal parameters are available, the 
more accurate damage assessment results would be expected, in spite that more measurement 
noises will be introduced with measurement data. (Xia 2003).
Firstly, in this section, the effects of the number of modes are investigated. Without loss of 
generality for all cases, the above analysis is performed again but only first six, three, and one 
modes are assumed to be available in each case, respectively. The level of random errors in FE
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model and measured modal flexibility are set to be 1%, which means the standard deviation of 
the random error is equal to 1% of the mean value. Damage is arbitrarily assumed by 20% 
stiffness reduction at element 5 for all cases, as
(i) Case 1 : the first six modes are measured
(ii) Case 2: the first three modes are measured
(iii) Case 3: only the first mode is measured.
After some iteration, MRF and COV of updating parameter are computed using Eq. (3.24) and 
(3.25), respectively, and are presented in Fig.3.15. The results show that the location and 
severity of the damage are not much affected by the number of modes. For example, it is 
noticed that MRF and COV of all three cases are apparently similar, as the magnitude of MRF 
and COV is less than 2%. This is because the measured modal flexibility is dominated by low 
modes of the modal parameters, and thus using the first one mode (case 3) of the modal 
parameters are rather adequate to compute the modal flexibility matrix to estimate updating 
parameter in this numerical cantilever beam (Doebling, Farrar et al. 1998).
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Figure 3.15 MRF and COV of updating parameter for DM with varying the number of the
measured modes
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Probability of damage of zth element Pf”1 with certain damage fraction of d are computed using
Eq. (3.33). The results are shown in Fig. 3.16 that both the location and severity of the damage 
are successfully predicted by all cases.
D am age fraction D am age fraction Damage fraction
(a) case 1 (b) case 2 (c) case 3
Fig 3.16 Probability of Damage Considering the Number of the Measured Modes
Applicability Analysis: ii) Effect o f the Limited Number o f DOFs
As the modal flexibility is constructed by using the values of frequencies and mode shapes, the 
effect of the number of DOFs is believed that the more DOFs is available, the more accurate 
damage assessment results will be expected, despite that more random error in the modal 
flexibility would be introduced. This is because the dimension of the flexibility matrix is 
determined by the number of DOFs. To investigate this, the above analysis is performed again 
but only changing the number and locations of the DOFs. Three cases are examined as;
(i) Case 1 : two DOFs at each node (total eighteen)
(ii) Case 2: a translational DOF at each node (total nine)
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(iii) Case 3: a translational DOF at second, fourth, sixth and eighth node (total four).
After some iteration, MRF and COV of the updated updating parameter are computed using Eq. 
(3.24) and (3.25), respectively. MRF and COV of updating parameter for all cases are illustrated 
in Fig. 3.17. The results show that the proposed method correctly identifies the location and 
severity of the damage for case 1. If more than 5% change in updating parameter defines 
damage, there are some false positive damage indications for cases 2 and 3. For example, the 
undamaged element 9 is associated with 8% MRF for case 2, implying false identification. The 
proposed method, moreover, get worse to assess the actual damage event, when the number of 
used DOFs decreases to four (case 3), as it give 4 false-positive indications associated with high 
COVs. This bias is due to the fact that the insufficient number of DOFs does not correspond to 
the actual flexibility matrix to form the objective function in FE model updating equation. These 
observations indicate that the confidence of damage assessment decreases when less DOFs are 
available.
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Fig 3.17 MRF and COV of updating parameter for DM with varying the Number of the
measurable DOF
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Probability of damage of zth element Pfm with certain damage fraction of d are computed using
Eq. (3.33). The results are shown in Fig. 3.18 for all cases. Both the location and severity of the 
damage are successfully predicted for cases 1, but are failed for cases 2 and 3.
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Fig 3.18 Probability of Damage Considering the Number of the Measurable DOF
In these simulations, it can be concluded that if the number of measured DOFs increase to 
construct the modal flexibility, the proposed method will give more reliable and accurate results. 
In other words, if insufficient number of measured DOFs is used to form the measured 
flexibility matrix, accuracy and confidence of the proposed method decreases.
Applicability Analysis; iii) Effect o f Damage Severities
This section presents numerical simulations that are conducted to study the effect of damage 
amount to the proposed method. Three cases are studied in this section:
(i) Case 1-5% damage at the fifth element stiffness;
(ii) Case 2-30% damage at the fifth element stiffness;
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(iii) Case 3- 50% damage at the fifth element stiffness
For the simulation, the same condition as the previous numerical analysis is performed again 
with 1% random errors in FE model and the modal flexibility. Mode shapes are assumed to be 
obtained from the first six modes that are used to construct the modal flexibility matrix along 
with the measurements of all DOFs.
MRF and COV of the updating parameter are computed using Eq. (3.24) and (3.25), 
respectively, and are illustrated in Fig. 3.19. The proposed method successfully identified the 
location and severity of the damage for all cases. Note that the MRF correctly indicates the 
severity of damage for each case, implying that the identification result could not be vague by 
the damage amount. In addition, small COV of the updated updating parameter implies that 
precision and robustness of the proposed method is preserved in presence of either small or 
severe damage cases.
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Figure 3.19 MRF and COV of updating parameter for DM with varying the level of
Damage
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Probabilities of damage for all cases are estimated using Eq. (3.34) with help of the obtained 
statistics of updating parameter for DM and illustrated in Fig. 3.20. It is found that the proposed 
method predicts the actual damage amount for all cases. The results clearly show that damages 
amount have no impact on the applicability of the proposed method.
D am age fraction Damage fraction D am ag e  fraction
(a) case 1 (b) case 2 (c) case 3
Fig 3.20 Probability of Degree of Damage with varying the level of Damage
Applicability Analysis; iv) Effect o f Multiple Damage Locations
In this section, results are presented from numerical simulations to examine the effect of 
multiple damage locations. The above assumptions are again, and 10%, 20% and 30% damages 
are assumed in the third, the fifth and the seventh element, respectively.
MRF and COV of updating parameter are computed using Eq. (3.24) and (3.25), respectively. 
Fig. 3.21 shows that the proposed method successfully identifies and assesses the actual damage 
event along with relatively low COVs.
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Figure 3.21 MRF and COV of updating parameter for DM with Multiple Damage 
Locations
Probabilities of degree of damage for all cases are estimated using Eq. (3.34) with help of the 
obtained statistics of updating parameter and illustrated in Fig. 3.22. The results clearly show 
that multiple damages have no impact on the applicability of the proposed method. Therefore, 
one of prominent features of the proposed method is that multiple damage locations in a 
structure have not affected on the proposed method.
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Fig. 3.22 Probability of degree of Damage with Multiple Damage
3.4 Concluding Remarks
3.4.1 Summary
The proposed method aims to integrate a conventional deterministic FE model updating method 
with a perturbation method for probabilistic damage assessment which account for uncertainties 
in the modal flexibility and structural parameters in FE model. The main steps of the proposed 
method are as follows:
(1) Arbitrarily assuming or measuring random errors in updating parameters and the 
measured modal flexibility; X aj andX G.
(2) Derive the modal flexibility residual error; [G({a»] =[G„JM - [ G ^
(3) Calculate the mean value of changed updating parameter using Eq. (3.15);
1=1 oXf
(4) Calculate the Cov of updating parameters through Eq. (3.25-29);
[Ciiv(a*+1,a*+1) ] = [Cov(al ,a k) ]+{Cov(a\Aa‘ ) ]+{Cov(Aa‘,a ‘ ) ]+{Cov(Aa\ A a‘ ) ]
(5) Calculate the mean and Cov of updating parameter using;
{â}i+1 ={â}t +{Aâ}t [Cov(ak+\ a k+l) ]
(6) Compute the Probability of the degree of damage of zth updating parameter against
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damage fraction di ; Pfm (di ) « O (1-< )/;(« ,) 
f l - d f c r l a , ) 2 +o-(â,)2 y
The theoretical development of the proposed method was presented and an example of 
application of the proposed method was provided through numerical simulation of a cantilever 
beam model. The results were verified by MCS for selected cases. In order to investigate the 
effects of random errors in FE model and the modal flexibility, sensitivity studies were 
conducted by varying the level of random errors in FE model and the modal flexibility. Instead 
of comparing the absolute change in updating parameters, the probability of degree of damage 
was suggested as being appropriate, thus illustrating the robustness and precision of the 
proposed method.
More specifically, three different cases of random errors were considered; i) random error in FE 
model; ii) random error in the modal flexibility; and iii) random errors in both FE model and the 
modal flexibility. It was found that the proposed method using the flexibility residual error is 
robust and sufficiently precise method with respect to low level of random errors (normally less 
than 5%) in FE model and modal flexibility.
In addition to sensitivity studies, the applicability of the proposed method was also investigated 
by varying the number of measured modes/DOFs. It was found that it was more advantageous 
to introduce additional measured DOFs than measured modes. This is because the dimension of 
the flexibility matrix depends on the number of DOFs rather than the number of modes.
The last consideration was to investigate the ability of the proposed method in case of multiple 
damage locations, and substantially large or small damage in a structure. The statistical FE 
model obtained through the proposed method assesses the multiple damage locations
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as well as the different severity of damage for variety of cases without significantly changing 
the COV values. This implies that the proposed method can be employed when multiple 
location/significant damage might be expected.
3.4.2 Conclusions
Overall, the proposed method has the following advantages, which was revealed through 
numerical simulations; (1) the statistical FE model updating using the modal flexibility residual 
error for probabilistic damage assessment approach is a robust and precise approach where a 
low level of uncertainties exist in FE model and the modal flexibility. Generally, the proposed 
method is more vulnerable to random error in measured modal parameters than in the FE model;
(2) the proposed method is applicable even when few modes and DOFs are available through 
measurements, though the number of DOFs is a more influential factor than the number of 
modes; and (3) instead of comparing an absolute change in updating parameters, the proposed 
method can be used to calculate a probability of the degree of damage as a result of the updating 
parameter having a locally changed value.
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CHAPTER 4 Probabilistic Damage Assessment with 
Benchmark Structure
This chapter presents the results of applying the proposed probabilistic damage assessment 
method into a four-storey building model in the presence of random errors in FE model and the 
simulated modal parameters. The estimated probability of degree of damage calculated using 
the proposed method are compared with those using Yuen’s method (Yuen, Au et al. 2004), 
which is based on a Bayesian probabilistic approach. This chapter is organized as follows; 
section 4.1 present brief summaries of the published literatures from IASC-ASCE SHM Task 
Group; section 4.2 describes the Benchmark structure along with FE modelling and simulation 
of modal parameter; section 4.3 demonstrates a comparative study between the proposed 
method and Bayesian approach in view of probabilistic damage assessment; and finally, section 
4.4 gives a conclusion.
4.1 Introduction
As the author’s damage assessment is based on the perturbation based probabilistic approach, 
comparing with one of the published probabilistic damage assessment methods will give the 
robustness and precision for the proposed method in view of statistical and probabilistic damage 
assessment, when the same data are used. For this reason, the four-storey laboratory scale
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building, initially built by the IASC-ASCE SHM Task Group, is employed.
Therefore, it is necessaiy to present brief summaries of the damage identification results from 
the published literatures regarding to the Benchmark structure of IASC-ASCE SHM Task Group, 
before the competitive study is conducted.
The paper by Yuen, Au, and Beck (2004) employed a two-stage structural health monitoring 
methodology to assess damage in the benchmark structure. In the first stage, the most probable 
value of the modal parameters was calculated using the simulated structural response from the 
undamaged benchmark structure. Especially, the MODE-ID technique (Beck, May et al. 1994) 
was used to calculate the most probable modal parameters. In the second stage, these estimated 
statistical properties of the modal parameters were used to determine the most probable values 
of substructure stiffness parameters using Bayesian approach. This approach allows one to 
obtain, firstly, the statistical properties of substructure stiffness parameters, and then the 
probability of damage in any substructure that exceeds any specified threshold. All damage 
patterns considered by the author were successfully identified.
The paper by Bernal and Gunes (2004) presented a flexibility based damage identification. . 
Damage locating vector technique was applied to locate and quantify the damage by using the 
changes in flexibility matrices of the “damaged” and the “undamaged” model. However, the 
approach can be only carried out if the available information is sufficient to extract the required 
flexibility proportional matrices. In addition, the method cannot consider any modelling or 
measurement errors.
The work by Lus, Betti, Yu, and De Angelis (2004) presented an approach with two phases of 
damage identification; the first is a system identification; and the second is damage detection
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algorithm for linear systems. In the first phase, a first-order model of the system is identified 
using ERA, and then the identified first-order model was transformed into a second-order 
parameters. In the second phase, the structural damage was characterized by investigating the 
changes in the second-order parameters of the “reference” and “damaged” models. The 
methodology also required that all the DOFs contain either a sensor or an actuator in order to 
measure the input force. The numerical results for all the considered damage patterns provided a 
good estimation of the location and the amount of damage, even in the presence of substantial 
measurement noise and possible modelling errors.
The paper by Yang, Lei, Lin, and Huang (2004) presents the Empirical Mode Decomposition 
(EMD) method based the Hilbert-Huang approach for the structural damage detection. The 
EMD was to decompose the measured signals into the time-frequency domain. Damage causing 
a sudden change in the structural stiffness could be extracted from the measured signals in the 
time-frequency domain. Simulation results demonstrated that the method was capable of 
accurately determining the instant when the damage occurs
The paper by Hera and Hou (2004) presented an analysis of the data using a wavelet approach 
for damage identification and quantification. A structural damage due to sudden breakage of 
structural elements could be clearly detected by spikes in the wavelet details. A certain degree of 
localization information was also extracted from the intensity of the jump measured at different 
sensors. Noteworthy feature of the wavelet approach was that it did not only use input 
information, but also the FE model. Therefore, the approach is especially useful for an online- 
application. However, the approach had a limitation that the measurement data must include the 
moment when the damage occurred. Otherwise, the wavelet damage spike will disappear.
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4.2Benchmark Structure
4.2.1 Description of Benchm ark Structure
The structure used in the benchmark study was a four-storey of steel frame building with two- 
bays in each direction as shown in Figure 4.1. It is 2.5m x 2.5m in plan with a height of 3.6m. 
All the members have a nominal yield stress SOOMPa. The columns are configured with their 
strong axis being in the y  direction. There are two diagonal braces on each floor of each exterior 
face. In addition, the structure consists of four 800kg slabs at the first level, four 600kg slabs at 
each of the second and the third levels, and four 400kg slabs at the fourth level. The member 
properties are shown in Table 4.1.
Fig. 4.1 Benchmark Structure (Johnson, Lam et al. 2004)
Apart from the undamaged state of the benchmark structure, five damage patterns are 
introduced into this benchmark structure. These damage patterns advance from simple extreme 
damage to insignificant damage.
The damage patterns are simulated by removing the braces as follows:
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(i) No stiffness in all braces of the first and third stories;
(ii) No stiffness in all braces of the first storey;
(iii) No stiffness in one brace in the first storey (north brace on the west face of the
structure) and in one brace in the third storey;
(iv) No stiffness in one brace in the first storey;
(v) Two thirds stiffness in one brace in the first storey
These damage patterns are chosen such that Pattern (i) is the easiest while Pattern (v) is the most 
difficult to detect, locate and quantify damage.
Property Columns Floor Beams Braces
Section Type B 100x9 S75x 11 L25 x 25 x  3
Cross-sectional Area A ( m 2 ) 1.133 xlCT3 1.43x1 O '3 0.141 x lO "3
Moment o f inertia Iy ( m 4 ) 1.97 x 1e r6 1.22 x lO -6 0
Moment o f inertia Iz ( m 4 ) 0.664 xlO™6 0.249 x lO -6 0
Torsion constant J  ( m 4 ) 8.01x10-9 38 .2x lO -9 0
Young’s modulus E (Pa) 2 x 1 0 " 2 x 1 0 " 2 x 1 0 "
Shear modulus G (Pa) E/2.6 E/2.6 E/2.6
Mass per unit volume p  (k g /m 3 ) 7,800 7,800 7,800
Table 4.1 Properties of Structural Members (Johnson, Lam et al. 2004)
4.2.2 FE modelling and Analysis
4.2.2.1 FE Modelling
A simplified FE model (a 12-DOF shear building model) is used here to represent the analytical 
FE model to be updated, while the full scale FE model (a 120-DOF shear building model) is 
constructed to simulate the modal flexibility regarded as the measured flexibility. The reason for 
creating these two FE model is that i) in terms of FE model updating, the simplified FE model 
may reduce the chances of ill-conditioning in updating parameters during the statistical FE 
model updating procedure, and ii) the simulated modal flexibility using the full scale FE model
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can represent the modal flexibility more realistically than using a simplified FE model.
The simplified FE model has only three DOFs (two translational DOFs and one rotational DOF) 
at the mass centre of each floor. A Matlab based FE analysis code available through the Task 
Group web site (IASC-ASCE SHM Task Group 1999) is used to compute Mass and Stiffness 
matrices. In Fig. 4.2, the storey stiffness, £,y (i=l,...,4, j= “x ”, “y ”, “6 ” ) represents the zth
storey number and j  direction (x and y  is translational DOF and 0 is rotational DOF), and is 
chosen as updating parameter. The lumped mass matrix is adopted in the simplified FE model 
and assumed to be located at the centre of every floor, as shown in Figure 4.2 (b).
z^',1
(a) Floor stiffness plan
(b) Example of x-direction 
lumped mass
Fig 4.2 Stiffness and Mass Plan of the Simplified Model
The full scale FE model is also constructed using Matlab code to simulate the dynamic data to 
calculate the simulated modal parameters. There are 45 nodes 116 elements and 120 DOFs. The 
horizontal slab panels are assumed to contribute only to the in-plane stiffness, making the floor 
behave as rigid with respect to in-plane motions only (Johnson, Lam et al. 2004). Figure 4.3(a) 
and (b) show the full scale model structure with 120 DOFs and the simplified model with 12 
DOFs, respectively. The full scale FE model is formed by the following assumptions;
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(1) the floors ( the floor beams and the floor slabs) move as rigid bodies, with translation 
in the x and y  directions and rotation about the centre column,
(2) the axial deformations of beams and columns are negligible, and
(3) the columns are modelled as linear elastic Euler-Bemoulli beams, and the braces as 
axial bars.
Benchmark Building
3.5 .
A full scale model:
Total Nodes = 45
Total Elements =116|
Total D O Fs= 120
OA
0,3
%2
0,1
y,4
x,4
y,3
X,3
y,2
x,2
yd
x,l
A simplified model:
Total Nodes =5 
Total Elements = 4 
Total DOFs = 12
(a) Full scale model (120 DOFs) (b) Simplified model(12 DOFs)
Fig 4.3 Full Scale Model and Simplified Model of a Four-storey building
4 2.2.2 Model Analysis using Simplified FE Model
FE model analysis is conducted using the simplified FE model (12DOFs). All the analytical 
values of the undamaged and damaged updating parameter using the simplified FE model are 
presented in Table 4.2 calculated from Matlab code. It is assumed that a broken brace has zero 
stiffness contribution, and thus it does not affect the mass of the structure. It means no change in 
the mass matrix in any damaged patterns in this benchmark structure. Furthermore, the broken 
connection in damage patterns can only transfer axial and shear forces but not moments in any 
direction. Therefore, equivalent storey stiffness for the damaged structure is modelled by taking 
out the horizontal degree of freedom stiffness corresponding to the undamaged structure.
Storey Stiffness Undamaged Damage pattern
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parameters (i) (ü) (hi) (iv) (v)
kl x (MN/m) 106.60 5837 5837 106.60 106.60 106.60
1 kl y (MN/m) 67.90 19.67 19.67 55.85 5535 6339
kx e (MNm) 232.02 8130 8130 209.11 209.11 22535
kl  x (MN/m) 106.60 106.60 106.60 106.60 106.60 106.60
2 k2y (MN/m) 67.90 67.90 67.90 67.90 67.90 67.90
k2 g (MNm) 232.02 232.02 232.02 232.02 232.02 232.02
k2x (MN/m) 106.60 5837 106.60 f e d ! 106.60 106.60
3
kXy (MN/m) 67.90 19.67 67.90 67.90 67.90
k2 e (MNm) 232.02 8130 232.02 m o i s i 232.02 232.02
ki  x (MN/m) 106.60 106.60 106.60 106.60 106.60 106.60
4 kAy (MN/m) 67.90 67.90 67.90 67.90 67.90 67.90
kAfi (MNm) 232.02 232.02 232.02 232.02 232.02 232.02
Table.4.2 Exact Storey Stiffness Properties for Simplified FE model (Johnson, Lam et al.
2004)
As the 3 DOFs per floor, total 12 frequencies and corresponding mode shapes per directions (x, 
y, G) 6 direction are calculated through FE model analysis as illustrated in Table 4.3 and Fig. 
4.4. It shows that the undamaged case clearly shows the highest natural frequency values among 
all considered damaged cases, while the most severe damage pattern (i) shows the lowest 
frequency values. Therefore, it can be seen that higher damage in the structure may decrease the 
natural frequencies due to the fact that the natural frequency is in proportion to the stiffness 
value.
Direction Undamaged Damage Patterns
(i) (ü) (iü) (iv) (v)
Mode
1
X 11.79 x 9 .51 x 9.91 x 11.67 x 11.67 11.79x
Y 9.41 y 5.82 y 6.24 y 8.95 y 8.95 y 9.27 y
G 16.380 11.010 11.73 0 15.85 0 15.840 16.270
Mode
2
X 32.01 x 24.91 x 28.92 x 31.24x 31.23 x 32.01 x
Y 25.54 y 14.89 y 21.53 y 24.63 y 24.62 y 25.25 y
G 44.640 28.410 38.270 42.920 42.920 44.390
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Mode
3
% 48.44 x 46.79 x 47.83 x 48.41 x 48.41 x 48.44 x
Y 38.66y 36.06 y 37.37y 38.29y 38.29y 38.53y
e 67.48(9 63.64(9 65.31# 67.05# 67.05# 67.36#
Mode
4
X 60.15 x 54.34 x 59.99x 58.67 x 58.67 x 60.15 x
Y 48.01 y 41.35 y 47.34y 47.95 y 47.95 y 47.99 y
e 83.62# 72.61# 83.31# 8E 89# 8E 88# 83.61#
Table 4.3 Natural Frequencies (Hz) with Simplified FE Model
Figure 4.4 (a) and (b) illustrate x and y  direction of mode shapes of the undamaged and 
damaged cases analysed by the simplified FE model. It can be seen that all mode shapes either x 
or y-direction almost lays on top of each other regardless the amount and location of damage. In 
spite of including the information of the natural frequencies and modes shapes together, one 
cannot easily reach a conclusion of the existence or location of damage.
Undamage
Pattem(i)
Pattem(ii)
Pattem(iii)
Pattem(iv)
Pattem(v)
0.02  -0.02 0.020.02 -0.020.02  -0.02-0.02
Mode 4Mode 3Mode 2Mode 1
(a) x-direction mode shape at the centre of every floor
4
3
2
1
0 1— 
- 0.02 0 0.02
4
Undam age  
Pattem(i) 
Pattem(ii 
Pattem(ii ) 
Pattem(i\ ) 
Pattem(v )
3
2
1
-4 QL- 
0.02  - 0.02 0 0.020.02  - 0.02- 0.02
M ode 1 M ode 2  M ode 3  M ode 4
(b) y-direction mode shape at the centre of every floor
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Fig. 4.4 Analytical Mode Shape from the Simplified FE Model
4.2.3 Simulation of Modal Parameters using the Full scale FE model
4.2.3.1 Time History Response Simulation
The full scale model (120DOFs) gives a simulated acceleration response. Assuming that two of 
each in the x  and y directions per floor are used to simulate time history response in the structure, 
only frequencies and corresponding mode shape of jc and y  direction are simulated. In order to 
simulate an excitation, a roof acceleration at the centre column in x  and y-directions are assumed 
to be used, and the excitation is performed in x  and y directions, respectively. In this loading 
assumption, the excitation is modelled as an independent filtered Gaussian white noise with 
100Hz cut-off (Johnson, Lam et al. 2004).
The nominal time step of the noisy floor acceleration is set to be 0.004s with the duration of 
about 110s. The time history is partitioned temporally into N=5 sets of data, so that 20s yield 
five sets of estimation for the modal parameters (ignoring the first 10 s). The acceleration time 
history responses are at a 250Hz sampling rate. Time history response data are simulated with 
the used of a Matlab based code. A typical time history of the first floor y direction time history 
response simulated the Matlab code is plotted in Figure 4.5. The resulting acceleration time 
histories are stored in a Matlab file, and can be loaded into Matlab for extraction of modal 
parameters. 1% of noise level is included in the generated time history data using independent 
Gaussian pulse process.
The response measurements at the x and y translation face of the structure from the sensors are 
used to extract the modal parameters. A typical response auto power spectral density of x  and y 
direction is plotted in Figure 4.6 respectively. The number of points per window is 2024 with a 
sampling frequency of 125Hz, and 100s of data. In particular, the response auto power spectral
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function exposes the natural frequency of the system.
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Time (s)
Fig. 4.5 First Floor y  Acceleration Time History of the Undamaged Model (plot on below is
blowup of above plot)
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y direction, Frequency [Hz]
80604020
x direction, Frequency [Hz]
Fig. 4.6 Power Spectral Density Functions the Undamaged Model
4.2.3.2 Extraction of Simulated M odal Param eters
The simulated modal parameters are extracted from the power spectral density functions using 
the ARTeMIS Extractor program (Andersen and Brincker 1984), release 4.1 developed by the 
Structural Vibration Solutions. The method used in this programme is the Frequency Domain
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Decomposition (FDD) technique. The FDD technique estimates each mode as a decomposition 
of the system’s response spectral densities into several single DDF systems, and extracts modal 
parameters, which are the modal frequencies, damping ratios, and the mode shape components 
at the DDF. The input force does not need to be known for the modal parameter identification in 
the FDD techniques, but only the output response spectral densities are used to extract the 
modal parameters. The number of points per window is 2024 with a sampling frequency of 
125Hz, and 20s of data.
The simulated mode shapes calculated by modal analysis are normalized with their mass to 
unity, which are plotted in Figure 4.7, and 4.8 for x and y direction, respectively.
4
Pattem(i 
Pattem(i) j 
Pattem(i i) I 
Pattem(i/) 
Pattern^ ij
3
2
1
—L 0 ^ —
0.02 -0.02 0.020-0.02
4
3
2
1
— L O '—
0.02  -0.02 0.020-0.02
M o d e 1  M o d e 2  M o d e  3  M o d e  4
Fig. 4.7 Simulated Mode Shapes, x direction
Unda 
Pattern (i) 
Pattern) i) 
Pattern) ii) 
Pattern) v) 
Patter n(v)
-0.02
4
4—3
2
1
0
0.02 -0.02 0.0200.02 -0.02-0.02
Mode 1 Mode 2 Mode 3 Mode 4
Fig. 4.8 Simulated Mode Shapes, y direction
As five sets of data are used for modal analysis, the sample mean values of the simulated natural
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frequencies for each of the corresponding damage patterns including undamaged patterns are 
shown in Table 4.4. Comparing the natural frequencies from the simplified FE model in Table 
4.3, the simulated natural frequencies have a relatively small variability within acceptable limits 
(less than 1%).
mode 1 mode 2 mode 3 mode 4
uamage pattern
X y X y X y X y
Undamaged
Mean 11.823 9.603 32.005 25.647 48.535 38.779 60.012 47.963
COV 0.964 1.572 0.541 0.522 0.422 0.709 0.720 0.357
i)
Mean 9.579 5.862 24.84 14.93 46.75 35.97 54.17 41.28
COV 1.503 1.740 0.644 0.723 0.655 1.101 1.050 0.489
Mean 9.805 6.249 28.86 21.51 47.34 37.35 59.98 47.9
COV 0.826 1.312 0.423 0.618 0.292 0.351 0.587 0.378
iii)
Mean 11.68 8.847 31.23 24.67 48.53 38.21 58.69 47.93
COV 0.591 1.650 0.394 0.766 0.466 0.471 0.193 0.386
IV)
Mean 11.82 8.847 32.01 24.64 48.54 38.21 60.01 47.94
COV 0.948 1.650 0.231 0.402 0.429 0.466 0.720 0.398
v)
Mean 11.82 9.202 32.01 25.4 48.54 38.41 60.01 47.95
COV 0.956 0.641 0.231 0.780 0.422 0.513 0.720 0.350
Table 4.4 Mean (Hz) and COV (%) of Simulated Natural Frequencies
4.2.3.S Correlation Analysis between Analytical and Simulated Modal 
Parameters
Before preceding the damage assessment, the simulated modal parameters from the full scale 
model and the analytical modal parameters from the simplified model should be checked in 
terms of correlation. The MAC value, described in Chapter 2, is used to analysis the correlation 
between the simulated modal parameters and the analytical modal parameters.
The MAC values is presented in Table 4.5 with the help of Eq. (2.12), as it is a useful indicator 
of identifying the correlation between the simulated and the analytical modal parameters.
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According to the Doebling (1998), if the MAC value exceeds 95% , both models are highly 
correlated.
In Table 4.5, the MAY values of the x  and y  direction show the excellent agreement between the 
simulated and analytical modal parameters since most values are above 99%. However, MAC 
values are decreased when the severity of damage increases. For example, damage pattern (i) 
and (ii) illustrate low MAC values 2nd, 3rd, and 4th floor for pattern (i), and 2nd for pattern (ii), 
respectively. It indicates that there are damage in pattern (i) and (ii), while damage pattern (iii),
(iv), and (v) shows high MAC values.
Mode, Undamaged Pattern (i) Pattern (ii) Pattern (iii) Pattern (iv) Pattern (v)
direction MAC MAC MAC MAC MAC MAC
l,x 99.98 99.65 98.95 99.95 99.99 99.99
Ty 99.98 99.02 96.41 99.92 99.92 99.99
2,x 99.99 97.73 97.76 99.41 99.99 99.99
2,y 99.98 94.32 93.42 99.63 99.61 99.97
3,x 99.98 94.55 99.06 99.84 99.85 99.95
3,y 99.99 82.41 97.61 97.28 97.83 99.92
4,x 99.99 92.90 99.75 98.39 99.99 99.99
4,y 99.99 78.13 99.70 99.90 99.54 99.92
Table 4.5 MAC value, %, between simplified FE model and full scale FE model in x  and y
direction
4.3 COMPARATIVE STUDY
Following sections show a comparative study of probabilistic damage assessment methods 
between the proposed method and Bayesian-based method(Yuen, Au et al. 2004) applied to the 
benchmark structure. In this study, 1% of random errors of updating parameters in the simplified 
FE model and simulated modal flexibility are concerned in the proposed method to give
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evidence on how reliable the proposed method are in view of those uncertainties.
4.3.1 Initial FE Model updating using the Proposed Method
Before conducting a competitive study, an initial FE model updating for the proposed method is 
necessary in order to tune the initial FE model with the simulated flexibility. Through the initial 
FE model updating, a statistical FE model is derived with considering random errors in updating 
parameters and the measured modal flexibility.
In this initial FE model updating, the simulated modal flexibility from the full scale FE model 
are treated as the measured modal flexibility, and the simplified FE model are updated through 
the proposed method. The statistical FE model is updated considering 1% of uncertainties in 
updating parameters and the simulated modal flexibility. Assuming mode shapes from both the 
full scale and simplified FE models are only available in x  and y  direction of each floor, 
updating parameters of jc and y  direction of each floor are calculated.
The initial (assumed) and updated mean values and corresponding COVs of the updating 
parameters are illustrated in Table 4.6. As the assumed and updated values are almost identical, 
this indicates that the simplified FE model represents well the full scale FE model when 1% of 
uncertainties are included in the simulated modal flexibility and the initial updating parameters.
Assumed value Updated value
Mean COV(%) Mean COV(%)
hl x (MN/m) 106.60 1 106.61 0.95
kY y (MN/m) 67.90 1 67.91 0.92
k2 x (MN/m) 106.60 1 106.61 1.04
k2 y (MN/m) 67.90 1 67.91 0.97
k3 x (MN/m) 106.60 1 106.61 1.08
kXy (MN/m) 67.90 1 67.91 1.03
kA x (MN/m) 106.60 1 106.61 0.93
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kA y (MN/m) 67.90 1 67.91 0.90
Table 4.6 Updated and initial values of updating parameters for the undamaged simplified
FE model
4.3.2 A Comparison Study of Probabilistic Damage Assessment Methods 
between the Proposed and Bayesian method
Two probabilistic damage assessment methods were applied to the benchmark structure in order 
to compare the accuracy and the robustness of the proposed method in terms of the statistics and 
probability. The proposed method derives the statistical properties of the updating parameters 
using the statistical FE model updating method, described in Section 3.3, and Yuen’s method 
derives the statistical properties of the updating parameters using Bayesian technique (Yuen, Au 
et al. 2004).
The statistical properties of updating parameters for each damage patterns are derived by using 
the value of updating parameters of the simplified FE model and the measured modal flexibility 
from the fully scale FE model in each damage patterns.
4.3.2.1 Damage Pattern (i)
In damage pattern (i), there is a relatively large damage on the first and the third floor, as all 
braces of the first and the third floor are removed. According to Johnson and Lam et al. (2004), 
the percent loss in the first and the third floor stiffness of x and y  direction is 45.24% and 
71.03%, respectively.
The obtained mean values and COVs of updating parameters by using the proposed method and 
Yuen’s method are tabulated in Table 4.8. Values that indicate damage are highlighted in Table 
4.8, and the entries marked with a circled cross (<8>) indicates that there are more than 5% in 
stiffness reduction but that there is not actual damage, meaning a false positive damage
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identification. The corresponding COV are shown in parentheses.
It can be noticed through Table 4.7 that Yuen’s method provides relatively more accurate 
diagnostic results than the proposed method, as the proposed method gives a false positive 
damage identification result in the y  direction of the fourth floor, where no damage in the actual 
structure. Furthermore, in spite of indicating the locations of damage correctly, the amount of 
the estimated damage is not accurately quantified by the proposed method, i.e., both x and y  
direction of the first and third floor. All the COVs from Yuen’s method are very small (less than 
1%), implying a high degree of robustness against multiple huge damages in the benchmark 
structure, while those from the proposed method are ranging from 0.5% to 3.47%, implying loss 
of robustness after updating.
In order to indentify the reason for the poor damage identification results for damage pattern (i) 
by the proposed method, a deterministic FE model updating method using the modal flexibility 
is conducted, and the results of updated value are presented in the last column of Table 4.7. This 
shows that there is not a substantial difference in values of updating parameters between the 
deterministic and the proposed method. Therefore, it can be assumed that the poor correlation is 
due to the flexibility based approach rather than the inclusion of 1% of uncertainties in updating 
parameter and the simulated modal flexibility. This is because huge reduction in updating 
parameters at multiple locations, more than 50% stiffness reduction in 1st and 3rd floor, cause 
substantial changes in 1st and 2nd mode of modal frequencies and mode shapes, refer to Table 4.3 
and Fig 4.7-8. Because of the inverse relationship to the square of the modal frequencies, the 
modal flexibility is most sensitive to changes of the modes in the lower frequency ranges 
(Roeck, 2003). Thus, the modal flexibility loses its symmetric condition and the proposed 
method, based on the modal flexibility, failed to assess damage in benchmark structure.
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Exact value
Perturbation (the 
Proposed Method) 
(COV, %)
Bayesian (Yuen, 
Au et al. 2004) 
(COV, %)
Deterministic FE model 
updating method using 
Flexibility
kX x (MN/m) 58.37 8531 (130) 58.63 (0.26) 8437
kly (MN/m) 19.67 35.58 (3.47) 2037(0.67) 32.14
k2x (MN/m) 106.60 106.61 (0.69) 101.27 (0.31) 106.61
kly (MN/m) 67.90 67.91 (0.59) 69.94 (0.61) 67.91
k2 x (MN/m) 5837 88.13* (1.67) 60.76 (0.13) 8734
k2 y (MN/m) 19.67 4736* (2.67) 21.05 (031) 49.76
kAx (MN/m) 106.60 106.61 (0.56) 104.47 (0.95) 106.61
kAj (MN/m) 67.90 8 5 5 .4 9 (1 .1 2 ) 65.86 (0.84) 56.71
T able 4.7 M ean  and  C O V  o f u p d a tin g  p a ra m e te rs  fo r D am age P a tte rn  (i)
The statistical properties of the updating parameters given in Table 4.8 are used to compute the 
probability of the degree of damage computed using Eq. (3.34), shown in Fig. 4.9. It shows that 
both locations and severities of the damage are successfully predicted by Yuen’s method, while 
there is a false positive identification result by the proposed method, as the fourth floor y  
direction is predicted high probability of damage against about 18% damage fraction.
In conclusion, even though the proposed method identifies the actual damage locations, the 
accuracy of damage assessment is less accurate than Yuen’s method. This observation can be 
explained as follows; since the proposed method is based on statistical FE model updating with 
the flexibility residual error that is in difference between the measured and analytical modal 
flexibility, as it is mentioned that the huge reduction in stiffness at multiple locations has 
significant effect on the flexibility residual error.
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4.3.2.2 Damage Pattern (ii)
In damage pattern (ii), it is assumed a relatively large damage at single location (on the first 
floor), which all braces of the first floor are removed. According to Johnson and Lam et al. 
(2004), the percent loss in the first floor stiffness of jc and y  direction is 45.24% and 71.03%, 
respectively.
Table 4.9 presented the mean values and COVs of updating parameters obtained by using the 
proposed method and Yuen’s method, respectively. The proposed method well indicates the 
damage locations, jc and y  direction at the first floor, but the level of damage are slightly biases 
as the level of damage are underestimated at both damaged locations. However, these biases are 
acceptably small at as less than 5% to the actual damage amount. Yuen’s method gives a false- 
positive damage identification at jc direction in the second floor, ranging up 6.15% to the exact 
value of updating parameter, but the severity of damage at the damage locations and other 
locations are correctly estimated. The obtained COV values calculated by both methods are
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generally small all over the updating parameters, except that of the first floor x direction (1.74%) 
by the proposed method. Therefore, the proposed method provides damage assessment results 
with a high degree of robustness and precision, while Yuen’s method gives false-positive 
damage identification.
Exact value
Perturbation (the 
Proposed method)
(COV, %)
Bayesian (Yuen, 
Au et al. 2004) 
(COV, %)
x (MN/m) 58.37 62.89(1.05) 58.63 (027)
kXy (MN/m) 19.67 25.06(1.74) 2037 (034)
k2x (MN/m) 106.60 106.61 (0.57) ® 100.20 (0.60)
kl y (MN/m) 67.90 67.91 (0.36) 67.90 (0.50)
A:3x (MN/m) 106.60 106.61 (0.54) 105.53 (0.26)
k2y (MN/m) 67.90 67.91 (0.36) 66.54 (0.97)
kAx (MN/m) 106.60 106.61 (0.60) 107.67 (0.33)
kAy (MN/m) 67.90 67.91 (0.34) 67.90 (0.40)
T able 4.8 M ean  an d  C O V  o f u p d a tin g  p a ra m e te rs  fo r D am age P a tte rn  (ii)
The probability of degree of damage can be calculated using the updating parameters tabulated 
in Table 4.9, and the results are shown in Figure 4.11. Both the location and severity of the 
damage are successfully predicted for damage pattern (ii) using the proposed method, but 
Yuen’s method shows a false positive identification result, as y  direction of the second floor 
indicates high probability of degree of damage with 5 ~ 7 % of damage fraction.
Therefore, it may conclude that the proposed method has excellent results in damage assessment 
of single huge damage like damage pattern (ii) but lost its accuracy when there are multiple 
huge damage in the benchmark structure like damage pattern (i). Since the proposed method is 
using the flexibility residual error, it may be vulnerable against huge damage at multiple 
locations. This observation will be confirmed in the chapter 5, which is laboratory test for
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damage assessment using the proposed method.
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4.3.2.3 Damage Pattern (iii)
In damage pattern (iii), there is a relatively small damage on the first and the third floor, which 
just one brace of the first and the third floor is removed. According to Johnson and Lam et al. 
(2004), the percent loss in the first floor stiffness of y  direction, and the third floor stiffness of x 
direction are 17.76%, and 11.31%, respectively.
The mean values and COVs of updating parameters are obtained by using the proposed method 
and Yuen’s method, tabulated in Table 4.10. Locations of damage are successfully identified by 
both methods, but the severity of damage is incorrectly estimated by Yuen’s method. For 
example, the level of damage at the first floor y and third floor x direction are over-estimated by 
almost 37% and 22% comparing to the exact damage amount. The proposed method gives 
acceptably small bias at as less than 5% to the actual damage amount
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Exact value
Perturbation
(COV, %)
Bayesian (Yuen, 
Au et al. 2004) 
(COV, %)
kl x (MN/m) 106.60 106.60(1.05) 106.60 (0 .19)
kl y (MN/m) 55.85 5032  (1.05) 42.78* (0.96)
kl 0 (MNm) 106.60 103.01 (1.18) 102.34 (0 .44)
k2 x (MN/m) 67.90 67.91 (0.92) 72.65 (0 .86)
k2 y (MN/m) 94.54 94.44(1.84) 82.08* (0.14)
k2 0 (MNm) 67.90 67.91 (0.91) 6 6 .5 4 (1 .0 0 )
k3x (MN/m) 106.60 106.61 (1.00) 107.67 (0.19)
k3 y (MN/m) 67.90 67.91 (0.85) 65.86 (0 .41)
Table 4.9 M ean an d  C O V  o f u p d a tin g  p a ra m e te rs  fo r D am age P a tte rn  (iii)
The probability of degree of damage calculated using the updating parameters is plotted in Fig
4.11. Both the locations and severity of the damage are successfully predicted for damage 
pattern (iii) by both methods. Note that in case of the relatively small damages in the structure, 
the proposed method predicts the location and the severity of damage more accurately than 
Yuen’s method.
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This observation can be explained as follows; since the proposed method is based on statistical 
FE model updating with the flexibility residual which is very sensitive to small damages, the 
small damages in stiffness at multiple locations can be more easily assessed by the proposed 
method than Yuen’s method.
4.3 2.4 Damage Pattern (iv)
In damage pattern (iv), there is a relatively small damage on the first floor, which one brace of 
the first is removed. According to Johnson and Lam et al. (2004), the percent loss in the first 
floor stiffness of y direction is 17.76%.
The mean values and COVs of updating parameter for damage pattern (iv) obtained by using the 
proposed and Yuen’s method are tabulated in Table 4.11. Location of damage is successfully 
identified by both methods, although the severity of damage in the first y direction is not exactly 
assessed by both methods. Particularly, Yuen’s method again overestimates the severity of 
damage at the first y direction of updating parameter (23%), while the proposed method gives a 
relatively accurate identification result comparing with Yuen’s method (7%). The COV of the 
identified storey stiffness by both methods are also tabulated in Table 4.11. Especially, all the 
estimated COVs are very small around 1%, implying a high degree of robustness in updating 
the stiffness value against small damage in single location by both methods.
Exact value
Perturbation 
(COV, %)
Bayesian (Yuen, 
Au et al. 2004) 
(COV, %)
kX x (MN/m) 106.60 (1) 106.61 (0.95) 106.60(0.17)
kly (MN/m) 51.05(1.02) 43 46* (0 3 5 )
ki e (MNm) 106.60 (1) 106.61 (1.04) 103.40 (0.35)
k2 x (MN/m) 67.90 (1) 65.91 (0.91) 64.30 (0.57)
k2y (MN/m) 106.60 (1) 106.61 (1.09) 106.60 (0.13)
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k10 (MNm) 67.90 (1) 67.91 (0.90) 68.58(0.81)
k3 x (MN/m) 106.60 (1) 106.61 (0.93) 106.60 (0.16)
k3 y (MN/m) 67.90(1) 67.91 (0.84) 65.18(0.22)
T able 4.10 M ean an d  C O V  o f u p d a tin g  p a ra m e te rs  fo r D am age P a tte rn  (iv)
The probability of degree of damage calculated using the updating parameters is plotted in Fig
4.12. Both location and severity of the damage are successfully predicted by both methods, but 
Yuen’s method shows high probability of damage with 40% fraction at the fourth floor y  
direction, where the actual damage fraction is 17%. From these observation, it can be said that 
the proposed method is more sensitive to estimate damage in the presence of a small damage 
than Yuen’s method, as the flexibility residuals are sensitive in the small local changes (Jaishi 
and Ren 2006).
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In damage pattern (v), there is a relatively very small damage on the first floor, which 2/3 brace 
in the first floor is removed. According to Johnson and Lam et al. (2004), the percent loss in the 
first floor stiffness of y direction is 5.92%.
The mean value and the COV of updating parameters are obtained by using the proposed and 
Yuen’s method, and tabulated in Table 4.12. The location and the extent of damage are 
approximately identified by both methods, but the estimated level of damage by both methods is 
not the same as the exact value of damage, and other elements also show some differences to the 
actual value of damage. However, these differences are acceptably small by the proposed 
method as they are less than 2.5%, but Yuen’s method overestimates the level of damage. These 
results hinder the accuracy of damage identification.
The COV of updating parameters are obtained by using both methods, and also tabulated in 
Table 4.12. Note that the estimated COV by both methods are all small (less than 2%), implying 
that robustness of the obtained updating parameters in the presence of relatively small damage 
in the structures remained.
Exact value
Perturbation 
(COV, %)
Bayesian (Yuen, 
Au et al. 2004) 
(COV, %)
kX x (MN/m) 106.60 106.61 (0.95) 107.67 (0.32)
kl y (MN/m) g g g ( l j g y 60.43*(L02)
ki e (MNm) 106.60 106.61 (1.04) 102.34 (0.40)
k2 x (MN/m) 67.90 65.30(1.32) 67.22(1.65)
kly (MN/m) 106.60 106.61 (1.08) 106.60 (0.32)
ki e (MNm) 67.90 64.72 (124) 71.30(1.75)
k3x (MN/m) 106.60 106.61 (0.93) 106.60 (0.32)
k3 y (MN/m) 67.90 65.47(1.17) 64.51 (1.85)
Table 4.11 Mean and COV of updating parameters for Damage Pattern (v)
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The probability of degree of damage calculated using the updating parameters is plotted in Fig
4.13. It is noticed that in case of very small damage in the structure, the Yuen’s method fails to 
assess the exact damage in the structure. This observation can be explained that small damage, 
such as that associated with the loosened bolts, was not detected because the stiffness loss was 
significantly smaller than the modelling error or measurement noise. However, the proposed 
method predicts both location and severity of damage correctly. This is because the flexibility 
residuals are sensitive parameters to assess small local damage in the structure.
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4.4 CONCLUDING REMARKS
In this chapter, a comparison of probabilistic damage assessment methods, specifically between 
the method developed in this thesis and Yuen’s method was undertaken. Since the proposed 
method was developed on the basis of statistical FE model updating with integration of a 
probabilistic damage approach, comparison with Yuen’s method, which is based on Bayesian
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methods, emphasis is given on distinctive features associated with statistics and probability.
4.4.1 Summary
Apart from the undamaged state of the benchmark structure, five damage patterns are 
introduced into this benchmark structure in order to investigate the robustness and precision of 
detecting and quantifying damage by the proposed method and the Bayesian probabilistic 
damage identification method researched by Yuen, Au et al (2004). The summary of the findings 
are as follows:
The results from the damage pattern (i) showed that when relatively a large amount of damage 
occurred at multiple locations in the structure, the proposed method failed to predict the 
locations of damage, and it slightly over-estimated the severity of damage. Similarly, Yuen’s 
method also produced some false positive damage identification, but the level of bias is 
relatively small compared with the proposed method.
Secondly, when severe damage was introduced at only one place in the structure, damage 
pattern (ii), both methods successfully predicted the location and the severity of damage with a 
low level of COV.
In damage pattern (iii) and (iv), where relatively small damage occurred at either one (iv) or 
multiple places (iii), both methods successfully predicted the location and severity of damage. 
Especially, the proposed method resulted in relatively more accurate results than Yuen’s method, 
as only small biases appeared, while Yuen’s method gives some false positive damage 
assessment. This is because Yuen’s method was developed on the basis of the basic modal 
parameters, while the proposed method utilizes the flexibility residual, which is a more sensitive 
parameter to small damage in a structure than the basic modal parameters. Finally, results from
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damage pattern (v), when a very small damage occurred at one place, confirmed that only the 
proposed method gives solid prediction about location and severity of damage.
4.4.2 Concluding Remarks
On the basis of the benchmark study, it is revealed that some biases exist in estimating 
locations and severities of damage regardless of the method being used. For example, when 
large damage at multiple locations appeared, the proposed method resulted in some biases 
although the levels of COV were acceptably small compared to the actual level of damage. This 
is because huge reduction in updating parameters at multiple locations, more than 50% stiffness 
reduction in 1st and 3rd floor, cause substantial changes in the modal flexibility that lost its 
symmetric condtion. Thus, the proposed method failed to assess damage in benchmark structure. 
Yuen’s method is relatively accurate and robust against on huge damage at multiple locations, 
although it may vulnerable to assess small damage in the structure like damage pattern (v).
In addition to mean values of updating parameters, the magnitude of COV values of the 
updating parameters calculated by the proposed method is generally higher than Yuen’s method, 
indicating that the proposed method gains precision at the expense of a small loss of robustness.
In conclusion, the advantages of the proposed statistical FE model updating method with 
integration of a probabilistic approach using the modal flexibility residual are as follows; it 
allows determining the statistical properties of the updating parameters using the modal 
flexibility. The level of covariance of the updating parameter using the proposed method is 
acceptably low and hence, mean value of the updating parameters are relatively accurate 
compared with the Bayesian method (Yuen’s method) for all considered damage patterns except 
damage pattern (i), when large amount of damage appears at multiple locations. In addition, the 
proposed method is able to identify very small amount of damage in the benchmark structure in
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the presence of small random errors in FE model and measured modal flexibility. This is 
because the flexibility matrix is most sensitive to changes of modes in the lower frequency 
range as it has an inverse relationship with the square of the modal frequency. It appears that the 
precision of the damage detection as well as the robustness of the updating results by the 
proposed method is increased comparing to the Yuen’s method.
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Since the results from numerical examples of the proposed method were presented in chapters 3 
and 4, this chapter presents the results using the proposed method in an experimental case study, 
considering partially joined Glass Fibre Reinforced Polymers (GFRP) beams. The damage is 
induced by progressively debonding the attached GFRP plates at the joint of the GFRP beams. 
In addition to the proposed method, three Non-FE model VBDA methods, namely modal 
curvature method (MCM) (Pandey, Biswas et al. 1991), flexibility method (FM) (Pandey and 
Biswas 1994), and damage index method (DIM) (Stubbs, Kim et al. 1995) are employed in 
order to investigate the relative merits of the proposed method with regard to FE model/non-FE 
model VBDA methods. The results show that incorporating non-FE model VBDA method into 
the proposed method (model-based method) needs further study to improve the damage 
assessment capability.
5.1 Introduction
The GFRP beams are adhesively joined together using GFRP strip plates. The reason of 
employing the GFRP beams in this study is that specimens of the GFRP beams are easily 
induced stiffness degradation damage by removing some bonded GFRP strip plates, which were 
attached on the beam. The stiffness degradation at the connection joints, furthermore, is not 
readily observed through visual inspection, and the progress of the stiffness degradation is even
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more difficult to be detected by visual inspections (Humar, Bagchi et al. 2006). Three Non-FE 
model VBDA methods along with the proposed method are compared using the experimental 
and analytical modal parameters from an undamaged and damaged GFRP beams. The 
employed non-FE model VBDA methods are, i) Modal Curvature Method (MCM) using Eq. 
(2.4); ii) Flexibility Method (FM) using Eq. (2.6); iii) Damage index Method (DIM) using Eq. 
(2.20).
In addition, following three non-FE model VBDA methods, briefly described in Chapter 2, are 
employed to compare with the proposed method in view of providing insight into the relative 
merits. The employed non-FE model VBDA methods are, i) Modal Curvature Method (MCM) 
using Eq. (2.4); ii) Flexibility Method (FM) using Eq. (2.6); iii) Damage index Method (DIM) 
using Eq. (2.20).
5.2 Description of Test Beam and Damage Modelling
5.2.1 Beam Description
Four GFRP hollow square beams and eight GFRP plates, shown in Figure 5.1(a) and (b), are 
used here for the laboratory test. The GFRP beams and plates were provided by Strongwell 
corporation (Strongwell 2002).
The geometric properties of the GFRP beam and strip plate are as follows; the GFRP beams are 
50cm long with an external diameter of 5cm and layer thickness is 0.3cm; the GFRP strip plates 
are 10cm long with 4.7cm wide to fit over the flat part of the cross-section of the beam and 
have a thickness of 0.3cm, and these GFRP strip plates are used to connect the two GFRP 
hollow beams together by the single strap-joint method.
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Figure 5.1 Beam and Plate Specimens
The material properties of the beams and plates are shown in Table 5.1.
Parameters Beam Plate
Cross-section Area (A ),m2 564.0X10"6 141.0X10"6
Young’s Modulus (Ex )JS/ m2 
Ey=Ez 
G
17.90x10"
3.0x10"
2.93x10"
17.90x10"
3.0x10"
2.93x10"
Second Moment Inertia (I), m4 208.49x10" 105.75xl0"12
Density ( p),kg/rn j 1.79xl03 1.79X103
Table 5.1 Material properties of the GFRP beam and plate
According to Votsis (2008), the high performance two part epoxy adhesive 3M9323 with 2100 
MPa of the elastic modulus were used to glue the single GFRP strip plate in place at each side 
of the beams as shown in Figure 5.2 (Strongwell 2002). Bonded surfaces of the GFRP hollow
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beam were lightly sanded and cleaned using acetone before the two beams adhesively joined 
together. A very thin bondline (<lmm) was achieved, so the mass of adhesive might be ignored 
in FE modeling. In order to cure, the bonded specimen was left for 48 hours. And after that, the 
dynamic test was conducted using the hammer impulse method.
adhesive 3M9323 single GFRP plate
Figure 5.2 Bonding adhesive and Plate 
5.2.2 Damage Scenarios
The stiffness degradation damage (debonding at the attached GFRP plates) was introduced in 
these experiments to induce the stiffness degradation at the connection joint, which has been 
often observed in welded attachment to the columns or beams. Apart from the undamaged state 
of the experimental beam (fully bonded beam), three levels of damage, shown in Table 4.2, 
were introduced for making various debonding effect at the attached plates. These damage 
patterns advance from insignificant damage to severe damage, as Damage-1 is insignificant 
level of damage to be detected, located and quantified while Damage-3 is severe level of 
damage. Each level of damage can be subdivided into several cases based on the location of 
stiffness degradation damage.
Damage-1 
25% degradation
Damage-2 
50% degradation
Damage3 
75% degradation
No damage
Case I Case2 Case3 Case4 Case 5 Case6 Case?
Fully bonded 
beam
n n É n n
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Table 5.2 Degradation damage scenarios
Damage-1 is designed to give 25% stiffness degradation damage at the bonded joints by 
removing one of bonded GFRP plates. When a web GFRP plate is removed, it is determined 
case 1. When a flange GFRP plate is removed, it is designed case 2. Next, Damage-2, 50% 
degradation damage, is conducted by removing two GFRP plates. With the respect to 50% 
stiffness degradation, three cases are introduced in the second level of damage. Case 3 is 
designed as one of web and flange plates are removed; case 4 is designed as two flange plates 
are debonded; and case 5 is determined as two web plates are debonded. By conducting these, 
the joined GFRP beam is expected 50% stiffness degradation at the bonded area. For Damage-3, 
75% stiffness degradation damage, only one GFRP plate is attached either at the top flange side 
(case 6) or left web side (case 7) on the middle of beam to carry the bonding stiffness.
5.2.3 FE Modelling of the GFRP beam
In order to perform the proposed method, FE models of the GFRP beams are needed. Same as 
the previous numerical cantilever beam, which was studied in Chapter 3, the Euler-Bemoulli 
beam element is used to represent the bonded GFRP beam. The beam elements are modelled 
with 10 elements and 11 nodes. Therefore, it consists of 22 DOFs as 2 DOFs per node, shown 
in Figure 5.3.
The material properties used here are the minimum values provided by the supplier (Strongwell 
Inc, 2002). The bending stiffness E l of each beam element is chosen as updating parameter. 
Table 5.3 illustrates the values of updating parameter for the analytical undamaged model. The 
adhesive glue at the joint is assumed not to contribute any stiffness and mass to the specimen.
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Element 1~4 Element 5 and 6 Element 7~10
El, Nm2 4.17X103 5.42X103 4.17X103
Table 5.3 Value of E l the fully bonded beam
5.3 Experimental Measurement of the Modal Parameters
All the experimental techniques and measurements on the GFRP beams used in this study were 
made by Votsis (2008), and the experimental results pertaining to modal parameters were 
provided for the purposes of the present study on damage identification and assessment. In this 
section, the experimental procedures to measure the modal parameters from vibration data are 
described. To obtain these modal parameters of each level of damage, forced vibration tests 
(impulse hammer method) were repeated all of the test specimens like the fully bonded beam, 
25%, 50%, and 75% stiffness degradation damaged beams, and all tests should be performed at 
the same condition in order to reduce any error during the tests.
5.3.1 Excitation
A free-free condition is applied into the test specimens for the vibration measurement in order 
to minimize any contribution from the supports. Cawley et al (1985) suggested that the free- 
free condition is achieved by resting a beam on the soft foam wedges, as shown in Figure 5.3. 
From the free-free condition in this experimental GFRP beams, the bonding plates only 
contribute to the stiffness at the connection joint of the beam, and minimize stiffness 
contribution from the supports.
Accelerometer
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Figure 5.3 Testing grid and accelerometer
The excitation set-up is shown in Figure 5.3. The form wedges are placed where the first mode 
shape is theoretically zero amplitude of the frequency spectrum in order to minimize the 
interference from the excitation on the test beam (Ewins 1984). They are 11 Measurement 
Points (MPs) along the top centre line of the beam with 10cm spacing between the intermediate 
points, and 5cm at the beginning and the end of the beam as seen in Figure 5.5 (Votsis 2008). 
From these test grids, the three fundamental modal parameters are captured.
The specimens were excited by an impact hammer method. For the impact, the PCB-08601 
impulse hammer (Appendix C) was implemented as input method, because it enabled the input 
force to be measured. The impact hammer force was performed five times in the vertical 
direction at each point. For that reason, the Frequency Response Function (FRF) was estimated 
by measuring the response from all measurement points. The impulse hammer was moving to 
all MPs (1 -1 1 )  to excite the beam, while the accelerometer kept at the same location, the end 
of the beam, in order to capture all the modes of interest.
For this kind of test, when light specimens are used, the accelerometer mass is important. This 
is because the accelerometer mass would change the frequencies and distort the mode shapes. 
For that reason, PCB model 309A miniature accelerometer, which is known as a miniature 
accelerometer, was used to avoid these problems. This accelerometer has Igm mass; 5mV/g 
sensitivity; and measurable frequency range are from 5Hz-10kHz. For the data acquisition, the 
LDS-Dactron Phazer dynamic signal analyzer and the LDS-Dactron RT Pro were used.
In addition, there were relatively significant frequency changes in measuring modal data by 
adding or removing the GFRP strip plate for the test. It means that adding of the GFRP plates in 
the laboratory test increases the total mass of the structure or removing of the GFRP plates 
decreases the total mass of the structure. For example, the fully bonded beam will have four
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strap plates at the connection joint of the beam, whilst 75% degradation beam will have only 
one strap plate at the connection joint of the beam.
In order to keep the mass constants for all stages, it was suggested that even though just one 
GFRP plate was used to bond the beam together, the other three GFRP strap plates were 
attached on the specimen using double sided tape, so that the mass remains constant without 
contribution of stiffening the beam.
5.3.2 Experimental Modal Analysis
Experimental Modal Analysis (EMA) (Ewins 2000) was applied to estimate the modal 
parameters from the structural vibration signals of the GFRP beams in its damaged and 
undamaged condition. The vibration signals are induced by an excitation like random, sine or 
impact force (impact force in this GFRP test) applied to a structure, and the structure’s response 
like acceleration, velocity or displacement, is measured at discrete locations. Both the 
excitation and the response time histories are transformed into the frequency domain in the 
form of FRFs. The modal parameters are derived through EMA using the FRF. The analysed 
modal parameters are representative of the structure’s motion. (Farrar and Jauregui 1998a)
There are several techniques that can be used to extract the modal parameters from EMA. For 
instance, using the common basis-normalized structural identification algorithm (CBSI) 
developed by Alvin (1993); efficient implementation of the eigensystem realization algorithm 
(ERA) developed by Peterson (1995); and utilizing along with a frequency domain curve fit 
procedure detained in Peterson and Alvin (1994).
The method used to obtain the modal parameters in this GFRP beam is that the frequency 
domain curve-fitting method (Ewins 1985). A rational fraction polynomial (RFP) curve-fitting 
algorithm, a commercial modal analysis software package (Structural Measurements Systems
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1987), was used to fit the analytical models to the measured FRF data and to extract modal 
parameters (Forment! and Richardson 1982).
Due to the fact that the input force and the output signal are obtained by the impulse hammer 
method, RFP method extracted the modal parameter using FRF. Figure 5.4 shows FRF of the 
fully bonded beam, and it shows three distinct peaks which indicate the resonant frequency of 
the specimen.
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Figure 5.4 FRF of the fully bonded beam
Figure 5.5 shows the first three operational mode shapes of the fully bonded beam were 
identified from RFP method using the FRP and the operating modes. By measuring the input 
force and the corresponding respond from driving point acceleration, these operational mode 
shapes are measured.
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Mode 1 
255.9 Hz Operating Model
Mode 2 
657.9 Hz
Identified Mode 
Z
Mode 3 JC
Figure 5.5 First three modes identified from forced vibration tests on the fully bonded
GFRP beam
5.4 Influence of damage on the measured modal parameters
The obtained natural frequencies and damping data from the fully bonded beam, cases 1, 2, 3, 4, 
5, 6, and 7 are tabulated in Table 5.4. It can be seen that less severe stiffness degradation 
damage at the connection joint produced the higher frequencies than those of severe damage. 
This is because the frequency is in proportion to the stiffness, so that it is clear that undamaged 
beam specimen has the highest frequencies among all test specimens. In addition, no significant 
change in the frequency and damping values can be observed until the final level of damage (75% 
degradation) is introduced. At the final level of damage, for example, the natural frequency of 
the first mode have significantly dropped to values from 255.9 to 157.02, and from 1104.2 to 
897.34, respectively, comparing with those fully bonded beam. For the second modes, no 
significant change in natural frequencies can be observed except case 7.
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Mode Description
Fully
bonded
Damage-1, 25% 
degradation
Damage-2, 50 % degradation
Damage-3, 75% 
degradation
beam Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7
First
Freq.
(Hz)
255.9 254.16 242.1 240.20 228.95 252.1 157.02 42.01
Mode damp.
(%)
0.97 0.99 1.57 1.14 1.17 1.00 1.68 5.39
Second
Freq.
(Hz)
657.6 646.62 657.2 641.82 656.54 641.7 637.4 617.09
Mode damp.
(%)
0.71 0.76 0.72 0.53 0.62 0.50 0.53 0.78
Third
Freq.
(Hz)
1104.2 1101.89
1051.1
4
1024.96
1032.6
2
1093.1
9
897.34 795.45
Mode damp.
(%)
0.64 1.08 1.56 1.88 1.30 0.93 0.79 0.88
Table 5.4 Natural frequencies and modal damping values identified from the fully bonded
beam and all damaged beams
Figure 5.6 shows the measured mode shapes from the undamaged GFRP beam, cases 1, 2, 3, 4, 
5, 6, and 7. When the final level of damage (Damage-3) is introduced, it is noticed that the 
mode shapes for case 6 and 7 are significantly changed.
Therefore, it is clear from the observed changes in mode shapes, shown in Figure 5.6, and 
natural frequencies, tabulated in Table 5.4, that damage can be identified only after the final 
debonding is made in the GFRP beam through the basic modal parameters that are poor damage 
indicators. Prior to the final degradation damage, one could not identify stiffness degradation 
damage in the experimental beams through the observation of the modal parameters.
It can be concluded that the examination of changes in the basic modal parameters (natural 
frequencies and mode shapes) has serious limitations to identify the location and quantify the 
severity of damage except the final damage case in this laboratory tests. As a result, it
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demonstrates the need for more sophisticated methods to examine damage in partly bonded 
GFRP beam.
Mode 1 Mode 2
Case 1 
Case 3 
Case 5 
Case 7
— ■— Case 1 
— *—  Case 4 
•  Case 6 
   Undamaged
Case 1 
Case 3 
Case 5 
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•  Case 2 
— *—  Case 4
•  Case 6 
 Undamaged
Mode 3
Case 1 
Case 3 
Case 5 
Case 7
— ■—  Case 2 
— *—~ Case 4 
•  Case 6 
■ 1 Undamaged
Figure 5.6 Mode Shapes for all measured cases
5.5 Application of Damage Assessment Methods to GFRP Beam
Following subsections illustrate the results of the proposed method and three non-FE model 
VBDA methods into the partially bonded GFRP beam.
Statistical properties of updating parameters and corresponding probability of the degree of 
damage are estimated by using the proposed method. The El, bending stiffness of beam element, 
are chosen as updating parameters. In this study, 1% of random errors in updating parameters of 
the undamaged FE model and measured modal flexibility are assumed.
The employed non-FE model VBDA methods are MCM, FM, and DIM, briefly described in 
chapter 2.
According to Votsis (2008), it would be reasonable to set the damage index 1.3 for DIM. It
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means if damage criterion is higher or lower than 1.3 in DIM, it would be regarded as damage 
or undamaged state. Other non-FE model VBDA methods do not need setting up any damage 
criterion, for the damage is determined by the absolute changes in their own damage measures.
All the results of damage assessment from the proposed method and three non-FE model 
VBDA methods will be separately plotted. In the proposed method, the location and 
quantification (severity) of damage will be plotted in terms of probability of the degree of 
damage, but only the location of damage will be plotted from non-FE model VBDA methods, 
not the quantification of damage. This is because the non-FE model VBDA methods normally 
estimate their own specific magnitudes, which damage can be indicated by the peak change in 
their own damage measures, so that the quantification of damage can not be properly 
interpreted.
In plots made by the Non-FE model VBDA methods, the X-axis represents measured points 
(MPs), and y-axis represents the absolute changes in each damage measure. For instance, y-axis 
of the MCM is the absolute difference between the modal curvature of the undamaged and the 
possibly damaged model; y-axis of the FM is the absolute different between the undamaged 
flexibility and the possibly damaged flexibility; and y-axis of the DIM is the normalised 
damage index, based on the changes in the curvature of the undamaged and the possibly 
damaged model.
5.5.1 Fully Bonded Beam
For the undamaged state, four GFRP strip plates are used to bond the two GFRP beams together 
as shown in Figure 5.7 (a) and (b), and this stage of the beam can be regarded as a fully bonded 
beam or the undamaged beam.
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Figure 5.7 Fully bonded beam: (a) cross-section view (b) front-view
Prior to perform damage assessment using the proposed method and non FE model based
methods for the fully bonded GFRP beam, the correlation analysis should be conducted to 
quantitatively and qualitatively examine the correspondence and differences between 
analytically and experimentally obtained modal parameters. It can be seen in Table 5.5 that the 
MAC values for the first three modes are all over 0.99, indicating well correlation between the 
measured and the analytical modal parameters.
Mode 1 2 3
1 0.99 0.63 0.36
2 0.70 0.99 0.001
3 0.34 0.01 0.99
Table 5.5 MAC value for the fully bonded beam
5.5.1.1 Application of Three Non-FE model VBDA Methods to the Fully bonded 
GFRP beam
The applied GFRP beam is the fully bonded GFRP beam that is no degradation damage at the 
connected joint. Fig. 5.8 shows the results that MCM and FM showed high peaks at both ends 
of the beam, because of the free-free condition of vibration test it is not practical to consider 
those elements as damage even the plots indicate high peaks at both ends. For the MCM shows 
a peak at MP 4 and 8, as shown in Figure 5.8 (a). However, those elements are not actual 
damaged locations, as MCM estimates false-positive damage identification results. The plot 
from the FM, shown in Figure 5.8 (b), also identifies false-positive damage identifications that
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there are three peaks at the undamaged locations, MP 3, 6, and 9. Lastly, the plot shown in 
Figure 5.8 (c) indicates that DIM has two peaks at MP 3 and 8, but both peaks are below the 
damage criterion, so that it indicates no damage in the beam.
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Figure 5.8 Results of Non-FE model VBDA methods from the fully bonded beam
From these observations, all three non-FE model VBDA methods gives incorrect information 
about the state of the undamaged beam, even though the combination of those three methods is 
employed. Therefore, if those non-FE model VBDA methods performed blindly in this case, 
they would possibly give a false indication of damage.
5.5.1.2 Application of the Proposed Method to the Fully Bonded GFRP beam
The statistical properties of updating parameters tabulated in Table 5.6 are calculated using the 
proposed method. The FE model of the fully bonded beam is statically updated using the 
measured flexibility of the fully bonded beam, along with the initial value of updating 
parameters of the fully bonded beam FE model. Instead of using the mean reduction factor, the 
following tables directly tabulate the initial values and the statistical properties of updating
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parameters calculated by the proposed method.
Element
Initial values of updating 
parameters for Fully 
bonded beam
Updated values of updating 
parameters for Fully bonded 
beam
Mean value COV(%)
1 4.17X103 3 .94xl03 9.96
2 4.17X103 4.17X103 2.01
3 4.17X103 4.19X103 5.27
4 4.17X103 4.31 xlO3 4.53
5 5.42X103 5.36 xlO3 1.96
6 5.42X103 5.20X103 3.21
7 4.17X103 4.18X103 3.97
8 4.17X103 4 .16x l03 3.07
9 4.17X103 4.07X103 4.01
10 4.17X103 4.02X103 7.50
Table 5.6 Model updating results using the proposed method for the fully bonded beam
From Table 5.6, it can be seen that the percentage of changes between mean values and 
deterministic value of updating parameters for the fully bonded beam model are generally 
below 5%, except for elements 1 and 10. Due to free-free condition of vibration test, those 
elements (both ends of the test beam) are generally associated with high value of modal 
curvature and flexibility, leading to significant change in mean values of updating parameters 
by the proposed method. Therefore, it is not practical to consider significant change in mean 
values of updating parameters at both ends, so that damage is not assessed by the proposed 
method in case of the full bonded beam model. In addition, the COVs of updating parameters 
are shown that the values are approximately below than 5% but higher than 1%, indicating that 
robustness of the proposed method is reduced in this experiment after the statistical FE model 
updating, for 1% random errors are only assumed.
These observations are confirmed by Figure 5.9 where theprobabilities of the degree of damage
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for zth element against damage fraction are calculated, indicating that the undamaged elements 
1 and 10 only associated with high probability of the degree of damage with 0.2-0.3 damage 
fraction, and the other elements showing high probability of the degree of damage with low 
damage fraction.
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Figure 5.9 Probability of damage for the fully bonded beam
5.5.2 Damage-1 : 25% Degradation Damage at the Bonded joint
Damage-1 is defined 25% degradation damage at the bonded joint; three GFRP strip plates are
used to bond two GFRP beams together and one GFRP strip plate is debonded as shown in 
Figure 5.10 (a) and (b). The actual damage location is at the boundary between 5th and 6th 
element. There are two ways of 25% degradation damage at the bonded GFRP beams. The first 
case is that the right or left web GFRP strip plate is debonded as shown in Figure 5.10 (a); the 
second case is that the bottom or top flange GFRP strip plate is debonded as shown in Figure
5.10 (b). Therefore, only three GFRP strip plates are bonded to connect two GFRP beams 
together and carry bending stiffness. In addition, it is expected that case 1 is stiffer than case 2, 
as the flange plate provides a higher contribution to the bending stiffness than the web plate.
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thus the damage of case 1 is more difficult to be detected and quantified than that of case 2.
o  ow sm m m  i v s n n n n j
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(a) case 1 (b) case 2
Figure 5.10 Cross-section view of Damage-1; case 1 and case 2
Prior to perform the proposed method for damage assessment of 25% degradation damage at 
the connected joint of GFRP beam, the correlation analysis should be performed again using the 
modal parameters from the analytical FE model and the experiments with the help of MAC. It 
can be seen in Table 5.7 that MAC from the first three modes are all over 0.99, indicating that 
the modal parameters between the measured model and the analytical FE model are highly 
correlated.
Mode 1 2 3
1 0.99 0.63 0.36
2 0.70 0.99 0.001
3 0.34 0.01 0.99
(a) Case 1
1 I 0.99 0.76 0.34
2 0.69 0.99 0.001
3 0.36 0.01 0.99
(b) Case 2
Table 5.7 MAC value for cases 1 and 2
5.5.2.1 Application of Three Non-FE model VBDA Methods to the Damage-1
Figures 5.11 and 12 show the results from three Non-FE model VBDA methods for Damage-1 
where the one GFRP strip plate was removed from the fully bonded GFRP beam. Damage-1
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would be the most difficult cases to be detected by either method, as debonding one flange or 
web strip plate at the connected joint would not reduce much bending stiffness to change modal 
parameters, and thus the remained three GFRP strip plates still carry sufficient shear and 
bending stiffness.
M e asu red  Point
M e asu red  Poin t
Figure 5.11 Results from Non-FE model VBDA methods for case 1
Fig. 5.11 plots the employed three Non-FE model VBDA methods for case 1. MCM failed to 
identify damage locations, as the plot showed high peaks at MP 5 and 7. The plot made by DIM 
also showed false damage indications as the undamaged locations of MP 2 and 8 are shown 
high peaks, but the result from FM clearly identified the damage location, MP 6.
Results from all non-FE model VBDA methods for case 2 are shown in Figure 5.12. All of them 
failed to identify the correct degradation damage location. For examples, MCM has high peaks 
at MPs 5 and 7, and FM has high peaks at MPs 4 and 8. Lastly, DIM also showed a fluctuation 
of peaks over elements 3, 6 and 8, but they are below than damage indicator, implying no 
damage for case 2.
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Figure 5.12 Results of Non-FE model VBDA methods for case 2
From these results, it is noticed that if those non-FE model VBDA methods are applied blindly 
for Damage-1, all methods yield ambiguous results, and even they would provide false-positive 
indications of damage. Therefore, the experimental results from the employed Non-FE model 
VBDA methods provide ambiguous estimation for Damage-1.
S.2.2.2 Application of the Proposed Method to the Damage-1
Table 5.8 tabulates the result of mean values and COVs of updating parameters for Damage-1, 
case 1 and 2, using the proposed method along with the deterministic value of updating 
parameters for the undamaged FE model. Except at both ends of the GFRP beam, the difference 
in mean values of updating parameter between the undamaged FE model and the updated FE 
model for case 1 is negligible. For case 2, mean value of updating parameters for elements 5 
and 6, where the degradation damage occurred, are calculated with 11% and 17% reduction in 
updating parameters comparing with the deterministic value of undamaged FE model. Note that
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flange degradation damage (case 2) is more easily detected than web flange degradation 
damage (case 1) by the proposed method, for flange plates normally contributes more bending 
stiffness than web plates. COVs of updating parameters for case 1 and case 2 are also tabulated 
in Table 5.8. The nature of the COY distributions of both cases is fluctuated, indicating that 
robustness of the proposed method for damage assessment is fluctuated.
Element
Statistical value for Fully 
bonded beam
Statistical value for 
Case 1
Statistical value for 
Case 2
Mean value COV(%) Mean value COV(%) Mean value COV(%)
1 3.94X103 9.96 3.94X103 7.86 4 .13xl03 6.55
2 4.17X103 2.01 4.17X103 6.56 4.2ÔXÎO3 2.39
3 4.19X103 5.27 4.19X103 3.41 4 .25xl03 1.77
4 4.31 xlO3 4.53 4.31 xlO3 1.61 4.1ÔXÎO3 1.37
5 5.36X103 1.96 Ô.3ÔXÎO3 4.69 4.84X103 6.75
6 5.20X103 3.21 5.20X103 1.93 4.53X103 10.37
7 4.18X103 3.97 4.18X103 2.61 4.01 xlO3 3.09
8 4.16X103 3.07 4.1ÔXÎO3 2.09 4 .29xl03 2.28
9 4.07X103 4.01 4.07X103 5.08 4.46 xlO3 4.75
10 4.02X103 7.50 4.02X103 6.82 4.18X103 6.33
Table 5.8 Model updating results using the proposed method for case 1 and case 2
For the purpose of probabilistic damage assessment, the probability of damage that updating 
parameters has decreased by a certain damage fraction is calculated using the proposed method 
with the help of Eq. 3.61. The results are shown in Figure. 5.13 that both the location and 
severity of the damage are successfully predicted for case 2, as 5th and 6th elements are shown 
high probability of damage around 0.2-0.3 damage fraction, but ambiguous results for case 1.
In conclusion, all results from three non-FE model VBDA methods do not clearly predict the 
location as well as the severity of damage caused by Damage-1, 25% degradation damage. 
However, the proposed method yields unambiguous results of indicating the exact location as 
well as the severity of damage for case 2 when a flange GFRP strip plate is damaged, while
UniS 5-21 S.Shin
Chapter 5 Experimental Applications
failed for case 1. This is because the remained GFRP strip plates at the connected joint still 
carry out the sufficient bending stiffness on the connection for case 1. In other words, 
degradation damage at a flange plate reduces more bending stiffness than a web plate, so that 
the method yield a clear indication of damage for case 2, but ambiguous result for case 1.
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FigureS. 13 Probability of the degree of damage for D-l
5.5.3 Damage-2 : 50% Degradation Damage at the Bonded Joint
There are three cases to be considered in Damage-2, as two GFRP plates are used to bond the
two GFRP beams together, shown in Figure 5.14; case 3 is that one flange and one web GFRP 
strip plate are used to bond two GFRP beams, and other GFRP strip plates are debonded; case 4 
is that two web GFRP strip plates are bonded at the connection joint of the GFRP beam and two 
flange GFRP strip plates are debonded; and lastly case 5 is that two flange GFRP plates are 
bonded at the connection joint of the GFRP beam and two web GFRP strip plates are debonded. 
Case 5 would be the most difficult case that the degradation damage is hardly detected by either 
Non-FE model VBDA or the proposed method, as debonding at web strip plates would not
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reduce much bending stiffness and thus to alter modal parameters, while case 4 would be 
easiest among Damage-2, as debonding at both flange strip plates significantly reduce bending 
stiffness.
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(a) case 3 (b) case 4 (b) case 5
Figure 5.14 Cross Section view of Damage-2 ; case 3, 4 and 5
The correlation analysis is again performed using the modal parameters from the measured 
model of Damage-2 and the analytical FE model of Damage-2. Table 5.9 tabulated the MAC 
values that all three cases are highly correlated between the measured modal parameters from 
Damage-2 and those from the analytical FE model of Damage-2.
Mode 1 2 3
1 0.99 0.21 0.32
2 0.13 0.99 0.92
3 0.33 0.78 0.97
(a) case 3
(c) case 5
1 0.99 0.23 0.32
2 0.14 0.99 0.90
3 0.34 0.81 0.98
(b) case 4
1 0.99 0.21 0.32
2 0.13 0.99 0.92
3 0.34 0.78 0.97
Table 5.9 MAC values for cases 3, 4, and 5 
5.5.3.1 Application of Three non-model VBDA methods to the Damage-2
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Fig. 5.15 to 5.17 show results of three non-model VBDA methods for case 3, 4, and 5, 
respectively where two GFRP strip plates were debonded from the connected joints. For case 3, 
it is shown in Figure 5.15 that all three Non-FE model VBDA methods failed to give the correct 
damage location, as MCM indicated high peaks at 5th and 7th MPs, FM for 4th, 8th and 9th MPs, 
and DIM for 4th MP, as all of them indicates false-positive damage locations.
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Figure 5.15 Results of Non-FE model VBDA methods from case 3
Figure 5.16 shows the results of three non-model VBDA methods for case 4 where two flange
strip plates are debonded at the connection joint. As expected, results of FM and DIM clearly 
indicates high peak at MP 6, and MCM also indicates a large plateau over the damage location 
with the peak spanning between MPs 5 and 7 where the damaged location.
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Figure 5.16 Results of Non-FE model VBDA methods from case 4
Lastly, Figure 5.17 shows the results of MCM, FM and DIM for case 5 where two web strip 
plates are deboned at the connected joints. It is illustrated that MCM and DIM again failed to 
plot the damage location correctly, while only FM has a peak at 6th MP.
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Figure 5.17 Results of Non-FE model VBDA methods from case 5
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Therefore, it may be concluded that the most significant factor to decide the success of the 
employed Non-FE model VBDA is the location of degradation damage in this partly bonded 
GFRP beam. This result was anticipated because debonding at the flange GFRP plates reduces 
more bending stiffness than that at the web strip plate. It is also noted that the FM performed 
the best among considered Non-FE model VBDA methods, as it only successfully identified the 
damage location for both case 4 and 5. In summary, when damage at two flange GFRP plates 
was occurred, all three Non-FE model VBDA methods were able to detect the damage location, 
while one or none of flanges were damage (cases 3 and 5), MCM and DIM were failed to 
identify the damage location.
S.5.3.2 Application of the Proposed Method for Damage-2
Figure 5.18 shows the results of mean values and COVs of updating parameters for case 3, 4, 
and 5 using the proposed method, as 50% degradation damage at the bonded GFRP beams were 
introduced. Table 5.10 tabulate 24% and 25% reduction in updating parameters at element 5 
and 6, and other elements show less than 6% for case 3. For case 4, the results indicate that the 
highest stiffness reduction occurred at elements 5 and 6, as 49% and 57%, respectively, and 
elements 3 and 4 are also calculated more than 20% reduction in stiffness. Lastly, the proposed 
method failed to predict location and severity of damage for case 5, as the highest stiffness 
reduction occurred at element 2, and less than 5% reduction in elements 5 and 6. COVs of 
updating parameters for case 4, 5 and 6 are also tabulated in Table 5.10. The natures of the 
COV distributions are fluctuated ranging from 0.01 to 0.2 for cases 3 and 5, but significantly 
increased for case 4. This observation indicates that uncertainty of damage assessment using the 
proposed method is significantly increased for case 4, when 50% degradation damage at top 
and bottom flange is occurred at the connected joint.
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Elem
ent
Statistical value for 
Fully bonded beam
Statistical value for 
Case 3
Statistical value for 
Case 4
Statistical value for 
Case 5
Mean COV(%) Mean COV(%) Mean COV(%) Mean COV(%)
1 3.94X103 9.96 4.24 xlO3 6.24 4 .70xl03 6.68 3.81 xlO3 8.23
2 4.17X103 2.01 4.31 xlO3 3.11 3.79X103 6.29 4.94X103 10.69
3 4.19X103 5.27 4.03X103 3.02 3 .35xl03 17.39 4 .49x l03 4.97
4 4.31 xlO3 4.53 4.03X103 2.62 2.99X103 25.47 4.72X103 7.51
5 5.36xl03 1.96 4.13X103 16.75 2.77X103 53.11 5.18X103 2.67
6 5.20X103 3.21 4.09X103 16.98 2.32X103 67.03 Ô.3ÔXÎO3 2.18
7 4.18X103 3.97 4.14X103 1.51 3.63X103 10.98 4.51 xlO3 5.51
8 4.16X103 3.07 4.24X103 1.71 4.3ÔXÎO3 3.67 4.36X103 2.61
9 4.07X103 4.01 4.43X103 4.29 4.73X103 7.30 4.53X103 6.28
10 4.02X103 9.96 4.18X103 6.32 4.40X103 9.02 3.90X103 9.51
Table 5.10 Model Updating results using the proposed method for case 3, 4 and 5
For the purpose of probabilistic damage assessment, the probability of damage that updating 
parameters has decreased by a certain damage fraction is calculated using the mean and COV in 
Table 5.10 with the help of Eq. 3.61. For case 3, it is shown in Fig. 5.18 that the probabilities of 
damage at 5th and 6th elements are relatively high with less than 0.3 damage fraction, so that 
both location and severity of the damage are successfully predicted. For case 4, although the 
damaged elements (5th and 6th elements) are illustrated with high probability of damage with 
even small damage fraction (0.2-0.3), there are also high probabilities of damage at 2nd, 3th, 4th, 
7th element with relatively small damage fraction (less than 0.3). For case 5, the probabilities of 
damage for all elements also show high probabilities with less than 0.1 damage fraction, so that 
it needs further analysis like NDT to determine whether damage occurs.
Conclusively, the proposed probabilistic damage assessment method analysis the following 
result; case 3 can be successfully assessed, while cases 4 is assessed with false damage 
identifications, and the result of damage assessment for case 5 were ambiguous. This is because 
debonding two flange GFRP strip plates (case 4) leads to huge damage in bending stiffness of
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the GFRP beams, leading that synthesis of the flexibility is dispersed. However, debonding one 
flange and one web GFRP strip plates (case 3), the proposed method successfully assess the 
damage, as debonding one flange produce the sufficient enough damage to be assessed by the 
proposed method. For case 5, debonding at two web GFRP strip plates, the reduction of 
bending stiffness is not sufficient enough to be assessed by the proposed method as debonding 
only two web GFRP strip plates (case 5) does not lead to ample reduction in bending stiffness 
of the GFRP beam, and then damage to be detected. This is consistence with the result of 
damage cases 1 and 2.
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FigureS. 18 Probability of damage for Damage-2
5.5.4 Damage-3 : 75% Degradation Damage at the Bonded Joint
There are two cases to be considered in Damage-3, as one GFRP plate is used to bond the two
GFRP beams together, shown in Figure 5.19. For cases 6 and 7, one GFRP plate is attached 
either at the top flange (case 6) or the left web (case 7) of the beams.
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Figure 5.19 Cross Section view of Damage-3; case 6 and 7
The correlation analysis is again performed to examine the correspondence and differences 
between analytically and experimentally obtained modal parameters. It can be seen in Table
5.11 when the final level of damage (75% degradation damage) is introduced, significant drops 
in MAC values for mode 2 in case 6 and all modes in case 7 are noticed. This result indicates 
that damage can be identified using MAC value when 75% degradation damage was introduced 
in the GFRP beams. However, MAC value could not provide the location or severity of damage, 
so that more sophisticate damage assessment methods should be performed to identify and 
assess the degradation damage at the connected joint.
Mode 1 2 3
1 0.98 0.90 0.26
2 0.51 0.85 0.01
3 0.48 0.12 0.98
Analytical model X Measured model (case 6)
1 0.12 0.21 0.03
2 , 0.06 0.29 0.36
3 0.02 0.00 0.19
Analytical model X Measured model (case 7) 
Table 5.11 MAC value for cases 6 and 7
5.5.4.1 Application of Three Non-FE model VBDA Methods to the Damage-3
The results of MCM, FM and DIM methods applied for case 6 and case 7 are shown in Figures
UniS S.Shin
Chapter 5 Experimental Applications
5.20 and 21. It is apparent that all the methods are able to identify damage location with a clear
peak. As a result, the severe damage is easily revealed by the employed non-FE model based
damage assessment methods, when severe damage occurred at the GFRP beams.
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Figure 5.20 Results of Non-FE model VBDA methods from case 6
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Figure 5.21 Results of Non-FE model VBDA methods from case 7
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5.5.4 2 Application of the proposed method to D-3 models
Table 5.12 shows that mean values and COVs of updating parameters for Damage-3, cases 6 
and 7 using the proposed method along with the statistical properties of updating parameters for 
the undamaged FE model. It is noted that poor correlation between the analytical FE model and 
the measured model for case 7 lead ill-conditioned results, as mean values and COVs of 
updating parameters are noticeably fluctuated. For case 6, there are 16%, 25% and 57% 
stiffness reduction at element 4, 5 and 6, respectively and other elements are also calculated 
about 8% stiffness reduction. The nature of the COY for case 6 is significantly fluctuated with 
along the beam, ranging from 1% to 53%. A relatively large COVs of updating parameters 
assures that the damage assessment using the proposed method lost robustness against severe 
degradation damage, and can be totally annihilated by the degradation damage at the connected 
joint for case 6 and 7.
Element
Statistical value for Fully 
bonded beam
Statistical value for 
Case 6
Statistical value for 
Case 7
Mean value COV(%) Mean value COV(%) Mean value COV(%)
1 3 .94xl03 9.96 3.88X103 8.07 5.91x10s 77.94
2 4.17X103 2.01 4 .53xl03 33.01 1.03x10s 6.29
3 4.19X103 5.27 4.48X103 53.96 1.70x10s 17.39
4 4.31 xlO3 4.53 4.84X103 53.88 2.60x10s 25.47
5 5.36X103 1.96 4.07X103 48.96 1.35x10s 53.11
6 5.20X103 3.21 2.31 xlO3 23.49 5.42x10s 67.03
7 4.18X103 3.97 4.05x10s 15.58 4.17x10s 10.98
8 4.16X103 3.07 4.16x10s 1.88 5.17x10s 3.67
9 4.07X103 4.01 3.98x10s 25.95 4.17x10s 7.30
10 4.02X103 7.50 4.34x10s 24.64 1.34x10s 9.02
Table 5.12 Model updating results using the proposed method for case 6 and 7
For the purpose of probabilistic damage assessment, the probability of the degree of damage 
that updating parameters has decreased by a certain damage fraction is calculated using the 
statistical properties in Table 5.12 with the help of Eq. 3.61. The results for cases 6 and 7 are
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shown in Figure 5.22, respectively. Both location and severity of the damage are successfully 
predicted for case 6, as 5th and 6th ESP showed high probability of the degree of damage, but 
failed to predict location and severity of damage for case 7, as updating parameters are ill- 
conditioned. This is because the one web GFRP strip in case 7 is not enough to carry sufficient 
bending stiffness and then lose its synthesis form.
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Fig. 5.22 Probability of damage for D-3
Conclusively, for case 6, the 75% degradation damage at the connected joint, is easily detected 
by the employed Non-FE model bases methods and the proposed method. However, for case 7, 
only one web GFRP strip at the connected joint, the results are ill conditioned, as one web 
GFRP strip could not carry sufficient bending stiffness and failed to form two GFRP beam 
together, leading that the proposed method fail to assess degradation damage. Therefore, it is 
apparent that when severe damage like case 7 is expected, the proposed method could not 
provide information about the state of damage, but all Non-FE model VBDA methods easily 
indicate locations of damage.
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5.6 Concluding remarks
In this chapter, the results of the proposed method and three Non-FE model VBDA methods 
applied to the partially bonded GFRP beams are presented. The GFRP beams were adhesively 
bonded together, and degradation damage was induced by progressively removing the GFRP 
plates at the centre of the beam. The proposed method and three Non-FE model VBDA methods 
are compared in order to investigate the relative merits of the proposed method in regards to 
model based VBDA method, as well as experimental application with respect to continuous 
damage assessment.
Three levels of damage are introduced to the attached GFRP plates at the centre of the beam; as 
25% (Damage-1), 50% (Damage-2) and 75% (Damage-3) degradation damage along with 
seven cases of various attachment conditions.
The modal parameters of the GFRP beams were obtained using the hammer impulse method in 
a free-free condition. The measured modal parameters showed that the stiffness degradation 
damage at the connected joint has little effect on the operational mode shapes and the 
corresponding natural frequencies except those from a severe damage (Damage-3). Therefore, 
after examination of the experimental modal parameters (natural frequencies and mode shapes) 
of the GFRP beams, the direct comparison of those parameters before and after damage was 
poor indicator of degradation damage at the connected joint except severe damage.
The proposed method and the employed three Non-FE model VBDA methods achieved the 
improved results of detecting the stiffness degradation damage at the connected joint. 
Especially, the proposed method showed not only improved ability to detect the damage but 
also to assess the level of damage in terms of statistics and probability. The employed Non-FE 
model VBDA methods used here are only developed on the basis of absolute changes in 
magnitude of their own indicator, avoiding ill conditioning of updating parameters caused by
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FE model updating.
The results of the employed Non-FE model VBDA methods are summarised in Table 5.13. For 
the most severe damage cases (Damage-3), all employed methods can accurately detect the 
location of the damage, but they show varying levels of success when applied to less severe 
damage cases. For example, the employed Non-FE model VBDA methods showed great 
accuracy in locating the damage in the Damage-3. However, most of these methods were not 
able to clearly identify the damage location when they were applied to the less severe damage 
cases like Damage-1 or Damage-2 except the FM. The FM performed the best among employed 
Non-FE model VBDA methods in all damage patterns, even though it only broadly indicated 
the location of damage for case 1, and failed for case 2 and 3. The MCM and DIM were not 
able to clearly indicate the actual damage location for Damage-1 and 2. Particularly, MCM 
failed to identify damage location for cases 1, 2, 3, and 5.
Damage-1
(25% stiffness 
degradation)
Damage-2
(50% stiffness degradation)
Damage-3
(75% stiffness
degradation)
Non-FE model 
Method
Case I Case2 Case3 Case4 Case5 Case6 Case?
MCM X X X O X © ©
FM © X X © © © ©
DIM o X X © 0 © ©
© = Accurately identified the damage location 
o = Broadly identified the damage location 
x = Falsely identified the damage location
Table 5.13 Summary of the results from the Non-FE model VBDA methods
The results of this investigation showed that if Non-FE model VBDA methods are applied to 
the GFRP beam blindly, it would be difficult to know whether damage had occurred at the
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connected joint other than the actual one unless sever damage occurs in GFRP beams. 
Particularly, all methods were not consistent and did not clearly identify the locations of 
damage except the significant damage level (Damage-3). In addition, there is no specific 
criterion for severity of damage at a particular location. The employed Non-FE model VBDA 
only look at the largest change in absolute magnitude of their own indicator, so that the results 
are ambiguous to determine when their own indicator point out more than one location. 
Therefore, it is not practical to employ them when multiple damages are expected.
The results of the proposed method are summarised in Table 5.14. It is noticed that the 
proposed method broadly predicts the locations and severity of damage. The main distinct 
feature of the proposed method compared with the employed Non-FE model VBDA methods is 
that the results not only indicate the location of damage but also provide the severity of damage 
with regard to statistics and probability of the degree of damage (Votsis 2008). Another distinct 
feature observed from the results of the proposed method is that the location of the degradation 
damage is so crucial. In other words, the result of damage assessment is depending on the 
location of degradation damage at the bonded joint. For example, when one web strip plate was 
removed as cases 1 and 5, the results were ambiguous or hardly indicated whether damage had 
occurred. However, when one flange strip plates was debonded as cases 2, 3, and 6 the results 
were clear that damage was successfully assessed by the proposed method with high probability 
of damage with large damage fraction. However, for cases 4 and 7, when there are two flange 
GFRP strips debonded, the proposed method failed to give correct information about the state 
of damage, as the results of updating parameters provided false damage identification.
Damage-1
(75% stiffness degradation)
Damage-2
(50% stiffness degradation)
Damage-3
(25% stiffness degradation)
Casel Case2 CaseS Case4 CaseS CaseS Case?
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Location o © © X o © X
Severity o © © X o © X
© = High confidence 
o = Low confidence 
x = failed
Table 5.14 Summary of the results from Proposed methodTherefore, integrity of the FE 
model and Non-FE model VBDA method show some promise with respect to continuous 
damage monitoring. In particular, non-FE model VBDA methods can be utilised to find the 
location of damage, without the risk of ill-conditioning caused by the complicated FE 
modelling, and after damage locations in the structure are identified, the quantification of 
damage can be undertaken using the proposed method. Therefore, it is apparent from the above 
results that a combination of the non-FE model VBDA method and the proposed method would 
provide more complete information about the state of damage in structures.
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CHAPTER 6 SUMMARY AND CONCLUDING 
REMARKS
6.1 Summary of Theoretical Development, Numerical Simulation, and 
Experimental Applications
The major purpose of this research was to tackle the problems in the field of damage assessment 
of civil engineering structures using an FE model updating method. To accomplish this, the 
research focused on the following objectives. The first objective was to develop the theory 
necessary for the statistical FE model updating using the measured modal flexibility in order to 
account for approximations and idealisations of uncertainties in FE modelling and the measured 
modal flexibility, demonstrated in Chapter 3. The theoretical development was conducted on the 
basis that the proposed method integrated a perturbation-based statistical approach with the 
conventional FE model updating method, intended to evaluate uncertainties in FE modelling 
and the measured modal flexibility. In addition, the modal flexibility residual error defined as 
the difference between the measured modal flexibility and the theoretical one from the FE 
model was introduced as a damage indicator. Then, the calculated statistical properties of 
updating parameters were used to account for the effect of uncertainties in FE model and the 
measured modal flexibility. Hence, the distribution of updating parameters was also used to
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calculate the probability of the degree of damage that the updating parameter was reduced 
against certain damage fraction compared to the undamaged state using the asymptotic Gaussian 
approximation.
The next research objective was to address issues related to the practical application of the 
developed method in the field of damage assessment for civil structures and use these problems 
as a guide for improving the developed method. Of particular importance are the problems; 
modally and spatially incomplete measured quantities of modal flexibility; and effect of 
uncertainties in updating parameters and the measured modal flexibility. All of those problems 
were investigated in Chapter 3 through varying the number of measurable modes and DOFs, 
and the level of uncertainties in the structural parameters and modal flexibility. It was shown 
that the effect of the numbers of measured modes was insignificant to the obtained distribution 
of updating parameters in the developed method. The number of measured DOFs, however, has 
a more substantial effect on the ability of damage assessment than that of measured modes, 
indicating that robustness and accuracy of the proposed method is highly dependent on the 
numbers of measured DOFs. This is because each column of the flexibility matrix represents a 
set of nodal displacements of the structure, implying that the size of the flexibility matrix 
mainly depends on the number DOFs, not the number of measured modes.
The effect of uncertainties in updating parameters and the modal flexibility was also 
investigated through numerical simulations presented in Chapter 3 by varying the level of 
random errors in updating parameters and the modal flexibility. The results were verified by 
MCS for selected cases. After numerical simulations, it was found that the obtained distribution 
of updating parameters were more vulnerable to the random errors in the measured modal 
flexibility than in updating parameters of FE model.
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The final objective of this research was to apply the proposed method into damage assessment 
in the framework of probability and statistics, and to compare and test the developed method 
with other damage assessment methods through a series of benchmark studies and experimental 
case studies. The Benchmark studies and experimental cases studies conducted in chapter 4, and 
5, respectively illustrated the robustness and accuracy of the proposed method.
In Chapter 4, a benchmark structure modelled by the IASC-ASCE SHM Task Group was used 
to compare the proposed method with another probabilistic damage assessment method, namely 
Bayesian probabilistic method, as the proposed approach had distinct features in terms of the 
probability and statistics. The results showed that the proposed method was generally more 
accurate and robust in terms of the ability to assess damage than a Bayesian probabilistic 
method, except when very large damages exist in the benchmark structure at multiple 
locations. This is due to the fact that the modal flexibility has an inverse relationship with the 
square of the natural frequencies, so that a huge reduction in stiffness leads to huge changes in 
natural frequencies. Therefore, the proposed method would provide useful information of the 
location and severity of damage without prior knowledge of damage except when huge damage 
exists in a structure.
In Chapter 5, the experimental application illustrated the same observation with the above 
statement. The adhesively bonded GFRP beams used in the experimental application were 
conducted in order to investigate the relative merits of the proposed method comparing with the 
three Non-FE model based damage assessment methods. Damage was induced by progressively 
removing the bonded GFRP plates at the centre of the beam as designed along with various 
sequence of removing the bonded GFRP plates. The results showed that when the damage was 
mild or insignificant, i.e. when one flange GFRP plate and one or two web GFRP plates were
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removed, the proposed method approximately identified and assessed the damage but the 
considered Non-model based methods could not clearly identify the location and severity of 
damage. On the contrary, when the damage was severe, i.e. two flange GFRP plates were 
removed, the considered Non-Model based methods were easily able to identify the damage 
location and severity. However, the proposed method yielded some false-positive damage 
identification. This is because huge reduction in stiffness by debonding of the two flanges of 
GFRP plates causes substantial changes in the modal flexibility disturbing its symmetric 
condition.
Through the numerical simulation and experimental applications, the proposed method has 
shown to be effective in; (1) taking account of the uncertainties in the measured modal 
flexibility and the updating parameters in the process of FE model updating, (2) performing 
damage assessment with modally and spatially incomplete information of the modal parameters, 
(3) identifying location and severity of damage with various damage conditions, like multiple 
damage locations and different severity of damage, and (4) conducting damage assessment 
when damage occurs progressively.
6.2 Concluding Remarks
In conclusion, the key features of the proposed method are as follows; firstly, the proposed 
method utilizes the second-order Taylor expansion to approximate the non-linear function 
between the updating parameters and the modal flexibility, so that the derived mean and 
covariance of updating parameters arc of the second-order accuracy. Furthermore, the 
distribution functions of updating parameters of the statistical FE model may be expected as 
non-normal even though each of the measured modal flexibility and the updating parameters in 
FE model conforms to normal distributions. Through the MCS, however, the distribution of the
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updating parameters is accepted as normal distribution with a confidence level of 95%.
Integrating a perturbation-based statistical approach with the conventional FE model updating 
method, the proposed method can handle the context of statistics and probability. The results of 
the statistics of the updating parameters calculated by the proposed method are verified by the 
MCS. The proposed approach assumes uncertainties in the measured modal flexibility and 
updating parameters in FE model, and those uncertainties are expressed as random error with 
zero mean and given variance. These statistical properties of updating parameters then estimate 
not only the absolute change in updating parameters between undamaged and possibly damaged 
state but also estimate the probability of the degree of damage that updating parameter has been 
decreased below a specified damage fraction.
Therefore, the application of the proposed method to real civil structures will be the most 
important task in order to fully validate the proposed method and to demonstrate its viability.. 
The development of a cost effective, large scale instrumentation platform based on the advanced 
technology of sensing, coupled with analysis of vibration data, must be carried out in parallel 
to enable damage assessment of civil structures using the proposed method to be undertaken in 
real applications.
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APPENDIX A : Deriving the First-Order Derivatives of Eigenvalue and 
Eigenvector
The calculation of the first-order derivatives of eigenvalue and eigenvector have been studied by 
many authors (Fox and Kapoor 1968; Rudisill and Chu 1975; Nelson 1976; Juang, Chaemmaghami 
et al. 1989).
In this study, Nelson’s method (1976) is adopted in order to derive the derivatives of eigenvalue and 
eigenvector. The first-order derivatives of eigenvalue with respect to is obtained by
differentiating \K \ {^}i = \M \ {(f)}t with respect to ai , which yields (Nelson 1976)
(A.l)
v ocCj dcCj dcCj J dcCj
where A, is ith eigenvalue; {^}. is rth eigenvector. Now, the first-order eigenvalue derivative 
with respect to Ofy is derived by multiplying Eq. (A.l) with and rearrange it in terms of
cUz / doCj , which yields the first-order derivatives of eigenvalue as (Nelson 1976)
dZ
d a , m i M m ,
= m T
" a m  x  ô [M Ÿ
5 a , ' d a , {(>},
S [K \_ X d[M]
da , ' 8a , m
(A.2)
where [M] {(fi}i = 1 according to the orthogonality conditions in Eq. (2.5).
With respects to the first-order derivatives of eigenvector, Nelson (1976) proposed a powerful 
algorithm for computing the first-order derivatives of eigenvector with non-repeated eigenvalues. In 
order to derive the first-order eigenvector derivative with respect to ccj, rearrange Eq. (A.l) in
terms of d{<j)}i j  dcCj. It yields as
da, d a , d a , d a (A ,
(A.3)
J
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However, Eq. (A.3) cannot be solved directly, because ([AT|-^.[M]) is singular as its rank is n-\ 
for distinct A,, where n is the number of measured modal frequencies. Therefore, Nelson (1976) 
proposed that the eigenvector derivatives be written as
d a ,
=  M , y + < W } , (A.4)
where {v}^ is a vector and ctj is a scalar constant, and they can be calculated by substituting 
Equation (A.4) into Equation (A.3) and simplifying to yield
( IX I- /U M ])M , ={£>}„ 
where the vector on the right-hand-side of Equation (A.5), {Z)}ÿ, is computed from
(A.5)
{£>}»=- daj da j d a w ,
(A.6)
J J
On the left-hand-side of Equation (A.5), ([AT]-/I,[A/]), still remained in singular, but Nelson 
(1976) solved this singular equation by replacing the row and column of ([Af]-yL( [A/]) matrix
with zeros except for the diagonal term, which is set to one, and where p  is the location at which the 
eigenvector {(j)}i has the maximum absolute value. In addition, /^component of vector {Z>}ÿis set 
to zero. The resulting partitioned form can be represented in the equation form as
0 1 0 II
S
o . (A.7)
The new matrix formed above is now non-singular and it is possible to calculated vÿin Eq. (A.5). 
Once {Vjj} is calculated, the value of the scalar constant Cy in Eq. (A.4) is determined with help of 
differentiating the mass normalization condition in {</>}] [M] {(fi}i = 0 with respect to a  as
da , da ,
(A.8)
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Substituting Eq. (A.4) into Eq. (A.8) and using the mass normalization condition gives the solution 
for c,y as
s = ~  mT, { a  -  m [M] (a.9)
Once {v}ij , Cy and {(f)}t are known and substituted into Equation (A.4), the eigenvector sensitivity 
} /  doCj can be calculated.
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APPENDIX B : Deriving the Second-Order Derivatives of Eigenvalue and 
Eigenvector
A procedure of the second-order derivatives of eigenvalue and eigenvector was developed by 
Friswell (1995) in which is similar to that used to calculate the first-order derivatives of eigenvalue 
and eigenvector, developed by Nelson (1976).
The second-order derivatives of eigenvalue with respect to and a k is obtained by 
differentiating [AT] {</)}i = \M ] {(/>}i twice.
The second-order derivatives of eigenvector with respect to GCj cck is written as
(m-4rM])5êr=[;%dajdak (B.l)
where
S2[K\
y d a jd a k d a jd a k
d2m
dajdak dakdaj  '  dajdak j
+
daj dcCj d a j y d a L
+
8 a t da, 8 a t J  8 a j
(B.2)
It is known that ([AT]—X, [M ]) is singular and the second-order derivatives of eigenvector can not
be directly calculated from (B.l). Therefore, the second-order derivatives of eigenvector can be the 
similar form (A.4) as
(B.3)
where {v}ijk is a vector and cijk is a scalar constant, and they can be calculated by substituting 
(B.3) into Equation (B.l) and simplifying to yield
ijk (B.4)
On the left-hand-side of Equation (B.4), still remained in singular, and the
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component of {v}ijlc corresponding to that having the largest absolute value in the eigenvector is 
set to zero. Same as Nelson (1976)’s procedure, this singular equation by replacing the /7th row and 
column of ([AT]-yl; [M]) matrix with zeros except for the diagonal term, which is set to one, and
wherep  is the location at which the eigenvector {^}. has the maximum absolute value. In addition,
/^component of vector { f j^ is  set to zero. The resulting partitioned form can be represented in the 
equation form as
o ( m - 4[M]),3" 'm , '
0 1 0 M i* = - 0 •
(m -z U M ]) ,, o (m -4 [A < i)33_ .{ * V
(B.5)
The new matrix formed above is now non-singular and it is possible to calculated v,# in Eq. (B.4). 
Once {v}ÿ* is calculated, the value of the scalar constant cijk in Eq. (B.3) is determined with help of 
differentiating the mass normalization condition twice in {(/)}* \M \ . = 0 with respect to al as
r d[M] 0 %  
' d a Jk d a ]t } d a k da j da . da. d a  fia ,j * /
r d2[M]
d a jd a k
=  0
(B.6)
Substituting Eq. (B.3) into Eq. (B.6) and using the mass normalization condition gives the solution
for cy,as
d a jd a k da j d a k d a k da j
da ,
\M \
d a t
(B.7)
All the terms required to calculate the second-order derivatives of eigenvector using the equation
B.3 are known. Substituting the value of {v}ijk, c^and {(fi). in the (B.3) gives the required second- 
order derivatives of eigenvector
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APPENDIX C : Methods for Modal Parameter Extraction
Structural modal parameters are extracted through modal analysis, which is the study of the modal 
parameters of a structure under vibration excitation. The accurate excitation of the modal 
parameters either from forced or ambient vibration test is utmost important area in VBDA methods. 
Traditionally, the modal parameters are extracted through experimental modal analysis which the 
vibration signals of a structure is excited by a stimulus. However, for a large civil engineering 
structures, such as bridges, dams, offshore platforms, etc, the forced excitation may be impractical 
approach for producing vibration signals. On the other hand, the operational modal analysis seems 
to be the most practical approach for a large civil or mechanical structure since no equipment is 
needed to excite the structures (Ren and Zong 2005).
C.l Experimental modal analysis
Basically, the modal parameter extraction by forced vibration test is carried out using known input 
and output measurement through the frequency response functions (FRF) in the frequency domain 
or impulse response functions (IRF) in the time domain. There are several methods of experimental 
modal analysis to estimate the modal parameters through FRF in the frequency domain.
C.1.1 Peak-Picking method
The peak-pinking method is the simplest method of extracting modal parameters subject to either 
experimental or operational modal analysis. It is based on the fact that the FRF goes extreme values 
around the natural frequencies. The frequency at which this extreme value occurs is a good indicator 
for the frequency of the system.
The measured time histories are converted to spectral by a discrete Fourier transform, so that it is a 
frequency domain single-degree-of-freedom modal analysis. In such a way the natural frequencies 
are determined from the observation of the peaks on the graphs of the averaged normalized power 
spectral densities (Bendat and Piersol 1993).
The components of the mode shapes are determined by the values of the transfer functions at the 
natural frequencies. The transfer function does not mean the ratio of response over input force, but 
rather the ratio of response measured by a roving sensor over response measured by a reference 
sensor. Therefore, all transfer function yields a mode shape component relatively to the reference 
sensor(Ren and Zong 2005).
Peak-picking technique has some theoretical drawbacks; it measures operational deflection shapes 
instead of mode shapes but almost always correspond to them; and damping estimation are
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unreliable.
C.1.2 RFP algorithm
Richardson and Formenti (1982) developed the Rational Fraction Polynomial (RFP) method. The 
RFP method uses the expression of the FRF in a rational fraction form which is the ratio of two 
polynomials. The numerator is related to the modal constant magnitude and phase, and the 
denominator is related to the frequency and damping.
Staring from the FRF function, which can be written in rational fraction forms such that
tf (® )= -v ----------- (C.1)
£ b k( M k
k=0
where ak (k=0,...,m) and bk(k=0,...,n) are unknown constants. Therefore, by estimating the value of 
the <2* and bk, the modal parameter are extracted. The complete development of RFP is described in 
Maia’s thesis (Maia 1988).
The RFP approach is a numerical process of matching up an analytical function with measured 
vibration data. The results of this process are the coefficients of the analytical function which is 
obtained from the best fit of the experimental data. With regard to FRF data, these coefficients are 
related to frequencies, damping and mode shapes.
Above experimental modal analysis methods are developed using frequency domain, because the 
frequency domain signal is more practical way to directly view the signal components (frequency of 
each harmonic). Additionally, it is easier to assess the quality of the acquired data.
The advantage using the experimental modal analysis is that it suppresses the noise level with 
regard to the structures’ response, but the operation of a structure has to be shut down for a rather 
long period of time during the forced excitement. Although some cases are available for forced 
excitations, it is obvious that real operating conditions of large civil structures may significantly 
differ from those of controlled laboratory environments.
In addition, for civil engineering structures, the input or excitation level of the real structure in its 
operational condition is not easy to quantify and measure the input or excitation level, so that it is 
almost impossible to derive FRF.
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Due to this reason, the need to identify modal parameters under real operational conditions often 
rises. Operational modal analysis is kind of output-only data dynamic test method, so that the 
operational conditions do not have to be closed by using this technique.
C.2 Operational Modal Analysis
Operational modal analysis focuses on the real-time online monitoring of a structure. Through 
ambient vibration test, it has to deal with very small magnitude of ambient vibration signals which 
is contaminated by noise without the knowledge of input forces. In other words, operational modal 
analysis does not directly estimate from FRF in frequency domain or impulse response function 
(IRF) in time domain, due to the fact that the input forces are not measured.
There have been several operational modal analysis techniques based on ambient vibration testing 
such as; peak picking from the power spectral densities (Bendat and Piersol 1993); auto regressive- 
moving average vector model (ARMAV) based on discrete-time data (Andersen, Brincker et al.
1996); natural excitation technique (James, Came et al. 1995), and stochastic subspace 
identification (Peeters and De Roeck 1999).
C.2.1 Auto-Regressive Moving Average Vector (ARMAV) model
ARMAV models have been applied for the extraction of modal parameters from ambiently excited 
engineering structures. ARMAV models only use time series obtained from the output signals of the 
system.
The ARMA model, which the autoregressive term of the outputs is related to a moving average term 
of the white noise inputs, is developed by Andersen (1996). The method replaces the detailed 
knowledge of the excitation to the assumption that the system is excited by white Gaussian noise. In 
other words, it is assumed that the structure behaves linearly and that the unknown input force can 
be modelled by a white noise filtered through a linear and time-invariant shaping filter (Andersen
1997).
Given a /^-dimensional output time series, {#(&)} = fy(£A/)}, the parametric ARMAV (p,q) model 
is described by the following matrix equation (Piombo, Giorcelli et al. 1993)
(T, (&)} = E M { % ( & - » ) } + (*)} + Z f o ]{%,(k -  n)} (C.2)
71=1 71=1
in this case, {%,(&)} is a stationary zero-mean Gaussian white noise process,[a*] and [£*] are (m,m) 
matrices of auto-regressive and moving-average coefficients. In these linear models, the system
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output {>>,(£)} is supposed to be produced by a stationary Gaussian white noise input {%,(&)}.
Bodeux and Golinval (2001) employed ARMAV models to a simulated system under random 
excitation and a ‘Steel-Quake’ structure proposed as benchmark in the framework of the European 
COST Action F3 ‘Structural Dynamics’. The ARMAV method gives an excellent identification of 
frequencies and mode shapes, but damping ratios are estimated with less accuracy.
C.2.2 Stochastic Subspace Identification (SSI)
The stochastic subspace identification (SSI) is proposed by Peeters and De Roeck (1999). It is a 
numerical algorithm used to solve the state space model using output only measurements.
The method is based on the realization algorithms, which is originally formulated for known input 
and impulse responses, but is extended to use output only measurements. The key element of this 
algorithm is that not all DOFs are measured once by a typical ambient testing, but that they are 
divided into several set-ups with overlapping reference sensors. Theses reference sensors are needed 
for obtaining global mode shapes.
The continuous-time space-state model can be extended to consider process noise wk and 
measurement noise vk as (Ren and Zong 2005)
**+l = Axk + B u k + Wk
(C.3)
yk =Cxk +Duk +v*
In case of ambient vibration test, the only responses of structure are measured, while the input 
sequence uk remains unmeasured. Therefore, it is impossible to distinguish the input term uk from 
the noise term wk, vk in Eq. (C.3). Modelling the input term uk by the noise term wk, vk results in
**+i = A + w *
(C.4)
yk =Cxk +vk
Once the mathematical description of the state space model of Eq. (C.4) is found, it is 
straightforward to determine the modal parameters.
The key concept of SSI is the time domain method that directly works with time data, without the 
need to convert them to spectra. However, it is not possible to obtain an absolute scaling of the 
identified mode shapes (e.g. mass normalisation) because the input remains unknown (Ren and 
Zong 2005).
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C.2J Natural Excitation Technique (Next)
The natural excitation technique (NExT) developed by James et al (James, Came et al. 1995) to 
extract the modal parameters under certain condition that the cross-correlation function between the 
outputs of a system and a reference satisfies the homogeneous differential of motion. Thus, the 
cross correlations can be treated as free response data, so that this approach does not require 
knowledge of the input excitation.
The cross-correlation function is obtained using a discrete inverse Fourier transform of the cross- 
spectral density function as
2 jv-i
R AB  =  —
-'V A=o
where UAdk) is the discrete cross-spectral density function; k  is the discrete frequency index; RAb is 
cross-correlation function; and n is discrete time index. The MATLAB iffi.m function was employed 
for this calculation.
Once the correlation function is obtained, the ERA method is used to identify the modal parameters 
as discussed in the forced vibration testing section.
Caicedo (2004) employed the NExT method in conjunction with the ERA, and found to be quite 
effective for detecting damage in the four shear building structure. In addition, the method was 
insensitive to noise.
, Inkn
N
M = 0,1,2,...,#-! (C.5)
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